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Abstract

A basis for a locally compact space is a family of pairs of subspaces, one open and the
other compact, where containment of the compact subspace indicates whether the open one
contributes to the union expressing a general open subspace. This is captured abstractly
by saying which finite sets of basic opens cover a basic compact subspace. We identify the
complete axiomatisation of this “way below” relation without assuming that the system is
closed under unions or intersections, so balls in a metric space provide an example. We show
how to reconstruct a space from an abstract basis in Point—Set Topology, locale theory, formal
topology and abstract Stone duality. We also characterise continuous functions by means of
relations called matrices that generalise the way-below relation. Hence our category defined
using relations is weakly equivalent to that of locally compact spaces in each of these four
formulations of topology, according to its appropriate logical foundations. Subsequent work
will develop abstract bases towards computation.

Note on the length of this paper:

The principal objective is to establish definitively the axioms for an abstract basis so that
future work can build on them. Everything up to Section [7]is needed to show that they are sound
and complete in Point—Set Topology, since it turns out to be necessary to go wvia locale theory
and formal topology. Sections are about my own subject (ASD) and for me Section
contains the core result. For technical reasons, the next paper, which will show that bases and
matrices provide a model of ASD, must restrict to overt spaces (Section [12)) with bases using
compact subspaces (Section . Finally, we need some examples (Section and to sum up the
complicated argument as equivalences of categories (Section .

Arguably, however, I tend to include too much detail in my proofs, so I am open to opinions
that particular results are obvious.

1 Introduction

In the old debate about the nature of mathematical research, maybe we can say that isolated
definitions are human inventions, whereas it is a natural discovery when two or more different
concepts turn out to be equivalent. We shall see that the notion of local compactness (unlike more
general kinds of topology) has rather more than two formulations; moreover we can talk about
it using four different strengths of logical foundations. The weakest of these, which we shall call
an abstract basis, requires only relations between discrete sets and either lists or finite subsets,



offering a way in which to do computation with locally compact spaces.
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Definition 1.1 A concrete basis for a (not necessarily locally compact) topological space X
indexed by a preorder (A,C) is a family of open subspaces U, C X such that

(a) if a C b then U, C Uy;

(b) if x € U, and x € U, then x € U, for some ¢ € A with a J ¢ C b; and

(¢) if x € U C X with U open then Ja.z € U, C U.

Definition 1.2 A space X is locally compact if it has the interpolation property that, given
xz €V C X with V open, there are z € U C K C V C X with U open and K compact. This
definition is suitable for non-Hausdorff (but sober) spaces and was given by Karl Hofmann and
Michael Mislove [HMS8I].

When there are plenty of compact subspaces like this, they may be used like the dual basis
in linear algebra to specify which basic open subspaces U, should contribute to the union in the
last axiom above:

Definition 1.3 A concrete basis using compact subspaces for a locally compact space X is
a family of pairs (U,, K,) of subspaces of X indexed by a preorder (A4, C) such that

(a) each U, is open and K, is compact;

(b) if a C b then U, C Uy and K, C U = K, C U for any open U C X;;

(¢c) z€eU, NxelU,= Je.xeU. N (aJcLCbh)and

(d)zeV < Ja.zecU, N K, CV,

where the last part is called the basis expansion. The constructions in Section [§] show that
it is convenient not to require U, C K,, but if K, C U with U open then U, C U because it
contributes to the basis expansion.

From the point of view of the information content of the equivalences that are summarised
in the diagram above, we shall consider a locally compact space to be equipped with a specified
concrete basis, in particular the family (K,) or its equivalents. On the other hand, Corollary
will introduce another property called continuity that depends only on the open subspaces and so
contains less information.

Remark 1.4 The elements of the set A are intended to be codes that we can use for computation,
such as the rational endpoints of real intervals or the centres and radii of balls in Euclidean space.

We choose to write the order relation C in the topological direction (as above and in Section
rather than the domain-theoretic one (cf. Proposition , but exponentiation reverses it (Propo-
sition . Note, however, that we do not require U, C U, = a C b. Also, we may have both
a C b and b C a without requiring a = b. Lemma |3.6| shows that it can be eliminated altogether,
but we feel that there are conceptual reasons for keeping it.



As an application of the traditional (“finite open sub-cover”) definition of compactness, we
may replace the point x in the interpolation property by a compact subspace L with L C V,
obtaining L C U C K C V C X. The open subspace U can be then expressed as a union of basic
ones, which form an open cover of the compact space L, so finitely many of them suffice.

Notation 1.5 We therefore need to use unions of finite sets or lists ¢ of basic open—compact pairs.
Everything that we do will be consistent with interpreting such £ either as a list or as a subset of A
and there are computational advantages in maintaining this ambiguity. We adopt the convention
that the early letters (a,...,e) of the alphabet denote individual members of the indexing set A,
those (h, k, £) in the middle are lists or finite subsets of A and the later ones (p, ..., w) are possibly
infinite subsets.
Then we write
UgEUUa and KgEUKa

aclt a€cl

and define the way-below relation

a =</ as KaCUzEUUb-
bee

Our goal is the complete axiomatisation of this relation. Then the set A, the preorder C and way
below relation < will be enough to describe a locally compact space.

Example 1.6 The real line R has a familiar basis consisting of open and closed intervals, whose
endpoints we may perhaps choose to be dyadic rationals. A typical instance of a < ¢ in this
basis is

[d,u] C (e1,t1)U---U(en,tn).

We can characterise this arithmetically, without considering the intervals as sets or quantifying
over the real numbers inside them: up to permutation of the indices, the condition is

e1 <d AN ey <t; A ez <to N - Ne,<th_1 N u<t,.

Admittedly, this formula is awkward and its analogues for balls in R" would be quite unwieldy,
but that is a fact of life in geometry. In practice, we get to choose how to divide up a region
for computation, so it might be better in later work to formulate systems that generate bases.
However, we are concerned here with establishing the axiomatisation, so we prefer to assume
closure under conditions such as transitivity of <.

Remark 1.7 Complete axiomatisations of the < relation were given in [JS96] and |[G]. However,
these accounts relied on using bases that are indexed by lattices, i.e. there are operations M and
U on indices such that

Ual_lb = UaUUb Kaub = KaUKb

Usr = U, NUy and (NB) Kop C KoMKy,

where we also define U, = K, =), U, = X and (if X is compact) K, = X. In [JS96] the lattice
structure is exploited to illustrate Lawson duality between the open subspaces of one stably locally
compact space and the compact saturated subspaces of another.

The innovation in the present work is to use “individual” basis elements, so that the basis
need not be closed under these lattice operations. Some of the most interesting features of our
new approach arise from making this distinction. It separates the notions of roundedness and
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locatedness and [future work]| will show how this leads to some of the key features of interval
computation.

Our axioms are rather simpler than the earlier ones because they do not have to take account
of the lattice operations:

Definition 1.8 An abstract basis is a structure (A, C, <) that satisfies the primary axzioms

aCa reflexivity
aCbCe = alec¢ transitivity
aCb=<kLC/ = a =</ co- & contravariance
(a<k=<l)N(k<l) = a<{1N4 weak intersection
a =</l = Jk.a<k=<'y, Wilker

where the additional symbols will be defined in Notation [L.12

Remark 1.9 In the case of real intervals above, the Wilker property says that we may shrink the
(e4,t;) slightly but maintain the “way below” property amongst them. On the other hand, the
single interpolation rule below says that we may also enlarge [d, u].

The Wilker rule allows interpolation of some k between given a < ¢. However, Wilker
is stronger because it says that each b € k is covered by a single ¢ with b < ¢ € {, whereas
interpolation only says that the list ¢ covers collectively, b < .

Conversely, the special case of the weak intersection rule with ¢; = {5 is transitivity:

a<Xk=<l=a<kAVbek b=l — a=</.

We motivate these primary axioms and prove that concrete bases obey them in the next
section. However, whilst they provide the complete axiomatisation for concrete bases in general,
when we come to use bases for applications such as computation (or even to characterise continuous
functions, c¢f. Lemma , we find ourselves wanting to assume that there are enough individual
basis elements for certain purposes, instead of using unions of them.

Definition 1.10 We will also assume that concrete bases satisfy the following (secondary or)
roundedness axioms:
K,cUy =— db.K,CcU, N\ K, CU,

(Kbl C Ua) A (Kb2 C Ua) — db. (Kbl C Ub) A (K52 C Ub) A (Kb C Ua)
34b. K, C Uy and 3b. Ky C Uy,
which we call single interpolation, rounded union and boundedness above and below.
Equivalently, the abstract bases satisfy
a<{ = Jb.a<b=</?

(b1-<(l) A (b2-<a) — Elb(b1-<b—<<a) AN (bg-«b)
db.a <b and Jb. b < a.

We may “assume without loss of generality” that our bases have these properties because of
manipulations with bases that we describe in Section [3]

If we fail to assert these extra axioms, it is easy to find ourselves using them without noticing it.
For example, if single interpolation holds then the list k& in the Wilker rule may be taken to be



bijective with ¢, but otherwise k may have to be longer. Even in the simple case of a < b, we
would need to interpolate a list in a < k < b, rather than a single member of the basis.

Definition 1.11 In fact, any basis that uses compact subspaces (Definition [1.3)) actually satisfies
the strong intersection rule,

F.a=</? and (a<t) N (a=<l) = a—<LlML,
which is equivalent to the weak rule above together with rounded intersection,
(Ka C Ubl) A (Ka C Ub2) = db. (Ka C Ub) A (Kb C Ubl) A (Kb C sz)

or (a«bl)/\(a«bg):>3b.(a%<b%<b1)/\(b%<b2).

As with the other roundedness rules, it is much more convenient in applications to work with bases
that have this property. However, for several reasons we avoid it in this paper in our discussion
of the formulation and completeness of the axioms.

One reason for this is that we fully embrace non-Hausdorff spaces. In a Hausdorff space, the
intersection of two compact spaces is closed in either of them and therefore compact. This need
no longer be the case in a non-Hausdorff space, so the space is called stably locally compact if
it is.

Another is that, in the passage from Point—Set Topology to the formulations in weaker logics
that we consider, it is easier to make the analogy amongst them by considering the neighbourhood
filter K, instead of the compact subspace K,. We then find that the filter requirement is not
really necessary.

We will explain these issues in the next section.

Finally, whilst it is possible to turn a basis with the weak intersection property into one obeying
the strong rule, the construction (Theorem requires the Axiom of Dependent Choice, which
may be undesirable in certain foundational settings.

Note that, although the weak intersection rule implies transitivity, the latter must be stated
explicitly alongside the strong intersection rule.

Notation 1.12 In these axioms, we extend C and < to lists or finite subsets by writing
al ¥ = dbelalb

aC li M4y ally N al ¥y
dby € £1.3by € €. b1 Ja C by

kC/ = VackaCll =Vack.bel.ald
a—<b = a=<{b}
k=<{ = Vack.a=</?
a<0MNly = Jk.a<k ANVbek.bT 1MLy
= dk.a<k AVbeEk.deg €F41.des €4y.c1 TDE ¢o
a—<ty = dbel.a<d
k<! = Vacka<'t =Vack Ibecla=<b.

We write Fin (A) for either the set of lists or of finite subsets of A, o for the empty list, kLI{ = kUZ
for the union of two lists and | | L for the union of a list of lists. This structure makes Fin (A) the
free join semilattice on the preorder (A,C) and as such the preorder on Fin (A) is k C ¢ above.
In constructive settings, we mean finite in the sense of Kazimierz Kuratowski [Kur20], i.e. finitely
enumerable, so arbitrary subsets of finite sets need not necessarily be finite.



After completing our introduction to the axiomatisation of bases for topological spaces in
Point-Set Topology, we carry out the same task for continuous functions in Section [4

Definition 1.13 Let f: X — Y be a continuous function between locally compact sober spaces
X and Y with concrete bases {(U,, K,) | a € A} and {(V4, L) | b € B} respectively. We define a
binary relation between the indices of the bases,

{a|f|b) by K.Cf'V, orequivalently  fK,C V.
In particular, (alid]a") < (a<d).

We call < a | f ’ b> the concrete matriz of f, following the loose analogy between bases in topology
and in linear algebra that we have already made in Definition 1.3} The notation was inspired by
that of Paul Dirac in Quantum Mechanics, whereas [G] used the notatlon H, 3 from Albert Einstein’s
General Relativity.

The matrix represents f in the sense that

freV, < Ja. (x€U,) A <a|f|b>,
using the basis expansion of f~'V}.

Such matrices are characterised as follows:

Definition 1.14 An abstract matrixz between bases (A,C, <) and (B,C, <), which we write
as
(a|M|b) or M:(ALC,<)— (B,C, =),

is a binary relation between the sets A and B that is contravariant and rounded in a,
aCd) A (d|M|b) = (a|M|b) < 3. (a<d) A (d|M]|b)
and covariant and rounded in b,
(a| M|V)Y A (W Eb) = (a|M|b) < . (a|M|V') A ¥ <D).

The next axioms correspond to the preservation of arbitrary joins and finite meets by inverse
image maps: M has the partition property if

(a|M]b) A (b<t) = Fk.(a=<k) AVd €k.IW el (a|M]|V),

it is bounded if k. (a < k) A Va €k.3b.(a | M|b)

it is weakly filtered if
(a=d) A {d|M[b) A (d|M]|b) =

el (a=<k) A (Vo' €k.Fbel.(a' |M|b)) A (Vb€ L b TbL by).
and stromngly so if the same holds without (a < @’). Finally, M is saturated if
(a=<k) AVd €k.(d|M|b) = (a|M|b),

but beware that we also use the word saturated in an unrelated sense in Definition [3.15]
We show that the category of locally compact sober spaces and continuous functions is equiv-
alent to the category of bases and matrices that have all of the above properties.

More explanation is needed here to summarise the rest of the paper.
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That is only the beginning of the story, since we still have to demonstrate completeness or
sufficiency of our axioms for bases by constructing a space with a concrete basis that corresponds
to any given abstract one.

In Point—Set Topology of course we need the Axiom of Choice to construct a space and concrete
basis from a given abstract one. However, even though an explicit description is available, it seems
only to be possible to prove its correctness if the basis is countable.

The general case only seems to be provable via Locale Theory together with either Formal
Topology or Abstract Stone Duality.

Moreover, for both of the latter subjects, abstract bases provide a considerably simpler defini-
tion of local compactness than those that currently exist in the literature. Future work will use
matrices to develop computation.

Abstract bases therefore provide a unifying framework across these four formulations of topol-
ogy. Categorical equivalence is provable using the strength of logic that each customarily requires:
set theory with Choice, topos logic, Martin-Lof type theory and an arithmetic universe respec-
tively. We can therefore say logically that a space or continuous function exists in each subject iff
it is definable in the appropriate logic.

2 Point—Set Topology

We begin by showing that any concrete basis for a locally compact space in traditional Point—Set
Topology gives rise to an abstract basis that satisfies the principal axioms. We also introduce a
more general form of concrete basis that identifies more precisely the criterion whereby a basic
open subspace should contribute to the basis expansion.

Lemma 2.1 Any basis using compact subspaces (Definition satisfies the boundedness and
strong intersection rules (Definition [1.11)),

A.a </ and a<l Na=<ly = a=<{l;M¥,

where a =< 1MLy means Jh.a < h ANVYbe h.Jey € £1.3cy € ly.¢c1 b L co.

Proof For boundedness, consider the basis expansion of the whole space qud open subspace.
This covers the given basic compact subspace K, but a finite subset ¢ of this cover suffices.
The hypotheses a < ¢; and a < {5 of the intersection rule say that

Ko C Uy NU, = |J{Us, |01 € s} 0 [ J{Us, | b1 € 01}
Using distributivity and part (¢) of Definition this union is
UJ{Us N, 101 € 01, by € la} = [ J{Ue | Tby € 1.3y € £o. by D e E by}
Since K, is compact, a finite set h of such c suffices to cover it, so
K,cU, =a=<h and Ve € h.dby € £1.3by € l5. b1 O ¢ C by,
which is the definition of a < ¢1 M ¥5. O

Definition 2.2 Definition and this lemma would have been simpler if the preorder C had had
a formal intersection operation, M, satisfying

a JallbCb and adcCb = cCalbd,



whilst the basic subspaces would satisfy
Uiy = Uy N Uy but Ko C Ko N Ky,

where the containment of compact subspaces need not be an equality.

We call the space stably locally compact when such (binary) intersections do exist.

A stable abstract basis is one that has such a M operation and satisfies the boundedness and
strong intersection rules.

Examples 2.3 Many important examples do have such an operation:
(a) intervals in R and cuboids in R", with geometric intersection for M; and

(b) lists of constraints on data, with conjunction or concatenation for .

On the other hand,

(c) it is more common to use balls as bases for R" and other metric spaces, but they do not
intersect in balls; but

(d) more fundamentally, the intersection of two compact subspaces in a non-Hausdorff space need

not be compact. Consider, for example, an interval [0, 1] together with an extra 1’, or more
formally the cokernel of [0,1) < [0, 1].

Besides this, the subspaces need not overlap at all, so we would need a name for the empty
subspace. Keeping track of empty subspaces creates some quite absurd difficulties. For example,
in the Tychonov basis for the product of two spaces,

(a,b) <% (a/,V) <= (a=<d) N (b=<bV)V (a=<0)V (b=<o)

since K x L C U x ) for any compact K and L and open U. In order to avoid this complication
when we construct the Tychonov product of two abstract bases, in [work in progress] we shall
restrict to the case where a < o is forbidden, cf. Section

Remark 2.4 There are two ways of proceeding without assuming stable local compactness:

(a) in applications we generally prefer to use compact subspaces for the dual basis, but not
intersections of them; whilst

(b) in proving the equivalence of various notions in this paper, we replace compact subspaces by
something weaker, which would allow us to use intersections, although we usually do not.

Lemma 2.5 For any compact space K, the family X = {V | K C V'} is a Scott-open filter:
(a) f LoV C W then K 5 W;

(b) if £ 5 U,;¢; Vi then there is some finite subset £ C I for which K 5 |J,., Vi; and
() KoaX,and Ko V,IW = K353V NW. O

In fact, so long as the space is sober, every Scott-open filter of open subspaces arises in this
way (Lemma [3.14). We adopt the habit of writing L 3 U rather than U € K because we will be
able to interchange K C with IC 3 in most of our arguments.

The difficulty in the non-stable case is that there is a conflict between the two uses of inter-
sections: of compact subspaces and of open ones in the definition of a filter. However, for many
purposes, it is unnecessary to use filters. So we can sacrifice the subspaces but retain the essence



of compactness. Scott-open families satisfy parts (a) and (b) and we can rewrite the Definition
of a basis using them:

Definition 2.6 A basis using Scott-open families consists of
(a) for each a € A, an open subspace U, and a Scott-open family /C, of open subspaces;

(b) if @ C b then U, C Uy and K, D Ks;
(C) UamUb:U{Uc ‘agcgb}; and
() V=U{U.|Ka>V}.

We amend Notation [I.5] by writing

a=<( for K,3U; and K, = ({Ky|be ().

Remark 2.7 Tt is easy to add intersections (M) to a basis, but at the cost of using Scott-open
families instead of compact subspaces. If (U,, K,) is a basis of either kind then

Uyg = ﬂ{Ua |a €} and K = U{lCa |a €}

define another one for the same space such that M is given by union of lists, where the the
parentheses on the subscripts distinguish this construction from the notation that we have just
defined.

The other direction, replacing Scott-open families with compact subspaces, possibly at the
expense of intersections, is rather more difficult, so we defer it to Section

Lemma 2.8 A basis using Scott-open families obeys the weak intersection rule,
a<k N k=<l N k=<t — a =<l M.

Proof The hypothesis k < ¢; says that, for each b € k,
Ky > U, = | J{Ue|cetr},
so Uy contributes to the basis expansion of Uy and U, C Uy, . Since a < k, it follows that
Ko > U = [ J{Uu|bek} C U, NUL,

but a Scott-open family I, must be closed upwards, so K, 2 Uy, NUy, too. By a similar argument
as in Lemma but using Scott-openness of I, in place of compactness of K, there is some
finite set h with

(’CGSUI—L) = (a-«h) and Ve € h. dby 651.5”)26162.({)1 gCEbQ),
which is the definition of a < ¢1 M 4s. O

We also need a rule to govern unions. The frequency with which this property appears in
print without attribution indicates its importance. This condition was identified by Peter Wilker
[Wil70] as part of the study of topological function-spaces, cf. Proposition anticipating many
of the ideas of locale theory and continuous lattices that we used in Section [6]

Lemma 2.9 If a compact subspace is covered by two open ones, K C U; U Us, then there are
compact Ly and Ly and open Vi, Vo with K C ViU Vs, Vi C Ly C Uy and Vo C Ly C Us. O

Lemma 2.10 A basis of either kind also obeys the Wilker rule that

a<{ — dk.a<k ANVbek.dcel. b=<c.



Proof Given K, > U, = J{U, | b € ¢}, the basis expansion of U, for each b € ¢ yields
Ko > U = JU = |JU{Ue 1 KU} = | J{U: | T € t. Ko 5 T}
bet bet

Since K, is a Scott-open family, there is some finite set k of such ¢ for which we still have
Ko > |J{U:clcek} = Uy and  Veek.Fbel (K.3Uy),

which is what the conclusion says. U
In the rest of the paper we will make heavy use of Scott-open families and it will not surprise

you to learn that they are part of something bigger:

Proposition 2.11 The Scott-open subsets of any complete lattice form a topology, called the
Scott topology. A function M* : Qo — € between complete lattices is Scott-continuous,
i.e. with respect to this topology, iff it preserves directed joins, written \f or [ J. These are joins
of families {U; | ¢ € I'} for which

di.iel and i1,i0 € I = dieI. Uil QUZZU“ O

In fact, we shall see in Proposition that this is the topology on the topology on a locally
compact space X that defines the exponential £X.

3 Manipulating bases

Having established the primary axioms for a basis (Definition |1.8]), we can “improve” it to one with
additional properties that are useful for applications (Definition [1.10f). This section is a toolbox
for later use and need not be read sequentially as part of the narrative of this paper.

Remark 3.1 In particular, it is very difficult to make progress — and very easy to make errors
— in this subject without the single interpolation property

(a<k) = . (a<b=<k),

where, according to the convention in Notation [I.5] b denotes a single basis element rather than
a list.

For example, the concrete basis for R using (open and closed) intervals of length < 1 has this
property and is bounded above, but that using intervals of length < 1 does not. We leave it to
the interested reader to find a similar counterexample for rounded unions. O

Whilst bases need not have this property in general, we assume it in the first two lemmas,
which are variations on the rules for intersections, and then show how to turn any given concrete
basis into one that has this and some similar properties.

Lemma 3.2 (a<b</) = Jk.(a<k=<b) A (k=<'/).

Proof By the Wilker and single interpolation rules (twice), there are a’, ' and ¢ with
a<ad <V b=l <y, so a =/,
Then a < b’ M by the weak intersection rule, i.e. there is k such that

a<kCb <b and kCe <.

10



Then k < b and k <! £ as required. O

Lemma 3.3 Suppose that (A4, C, <) satisfies the covariance, transitivity and single interpolation
rules. Then it obeys the strong intersection rule,

(a<t) N (a=<ly) = a<lMl
iff it obeys both the weak intersection rule
(a<b=<l)) N (b=<t) = a=<t1M
(with a singleton b instead of a set k) and the rounded intersection rule
(a=<c1) N (a<cy) = Fb.(a<b=<c1) A (b=<ca).

Proof The weak rule follows from the strong one by transitivity. The strong rule, single inter-
polation and covariance give

(a=<c1) AN (a<c) = Tkb.(a<b<kCciMee) = Fb.(a<b=<c1) A (b= ca).
Conversely, single interpolation, rounded intersection, transitivity and weak intersection give

(a=<4t) AN (a=<4l) = Ferea.(a<ec1 <0) A (a=<cg <L)
= Elbclcg.(a-<<b-<<cl -«51) A (b402'<£2)
= a <M. O

We have already seen that the strong intersection rule holds for concrete bases using compact
subspaces and we will prove the converse of this in Section

The next construction adds unions to the basis, because some of the results that we shall
discuss do need this. On the other hand, it is a major goal of this paper to develop bases that
need not be closed under unions or intersections. Nevertheless, this result shows that there some
richer basis that has the extra properties that it is convenient to assume. Unfortunately, there
seems to be no canonical way of doing this: in selecting a basis for a space, we have to choose
enough unions to satisfy them.

Lemma 3.4 If (U,,K,) is a basis for a space X then its directed basis has

Uy = J{Ualaet} and K, = ({Kala€t},

This has the single interpolation and rounded union properties. If the given basis has the
strong intersection property then so does the directed basis.

Proof For the filtered condition on basic opens,

zeU, NxelUy = dack.Fbel.xecU, N xzel,
dabc.x € U, N kd2aJdcCbel

=
= dh.xeU, N kJIhCV,

where h = {c}. The basis expansion is

zreV & daxeU, N KydV = H.xeclUy N K3V
= Wa.acl NzxecU, NVbel.Kyd3V = da.xecU, N K, V.

11



The way below relation is
k=<rny L = K3 |J{Ua|3Haeterl}
& Wek K3 J{Ualac| |L} = k=a | |L.

This inherits co- and contravariance, the Wilker and intersection rules, essentially as they stand.
The interpolation property for (U,, K,) gives single interpolation for (Uy, KC¢),

k <Finay L = k<2 |_|L — 3h.k <4 h <4 |_|L = .k <Fin(a) {h} <Fin (1) L.
For rounded binary unions,

{0, b} <Frinay B = LUl <4k
= (Ul <ah =<4k
= {l1,lo} <Fin(a) h <Fina) k

using the interpolation property that we already have.
Finally, the rounded intersection property for the directed basis,

h=</0i N h=<l, = Jk.h<k A kg£1|_|£27

is the same as the strong intersection property for the given one and we deduce strong intersection
for the directed basis using Lemma (3.3 O

We can make a basis bounded below by adding o, but this is undesirable (Section and there
is another way:

Lemma 3.5 If (4,C, <) has single interpolation then (A1, C, <) is also bounded below, where
AT ={b|3Ja.a < b}. O

Another simple transformation is to eliminate the preorder C, more or less just by replacing
it with <:

Lemma 3.6 Any abstract basis (A4, C, <) with single interpolation satisfies
a<k=<{ = a<{ = dba<xb</{

and a<k=<Vl,ly = . a<k <!, 0.

If a < b then U, C Uy and K, D K} in the concrete basis, where the filter property is
2 €U, N2€lUy, = Id.x €Uy A (ad=D).
Conversely, any relation < with these properties defines an abstract basis (4, C, <) by
alb=a<bVa=hb
Proof We deduce the second property from the weak intersection, Wilker and covariance rules:
a<k=<l,ly = FKla<k 0Tl ly = TK.a<k <0, 0.

In a concrete basis, a < b = K, 35U = U, C U, since U, contributes to the basis expansion
of Up. Similarly, a < b AN Ky 5U = K, 32U, CU = K, 3 U since K, is upper.
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If x € U, and z € Uy then z € U, for some ¢ € A with a 3 ¢ C b, then the basis expansion of
U, gives some d € A with x € Uy and K32 U.,sod < cand a > d < b.

For the converse, we prove transitivity of C by an easy case analysis, the extension of which
to (Kuratowski) finite sets or lists gives covariance of < with respect to C:

b<kCl = Fhkok! . (b= K ' k=kiUky) A (ks <" ) A (ka C )
= . b=k <) O

Now we consider bases for open and closed subspaces.
Lemma 3.7 A concrete basis for an open subspace V' C X is given by
Uy =U0,NnV  and KY = K,N}V.
If the given basis for X uses compact subspaces then that for V has
a=<Vl = a=<Xl N (K, CV).
Proof The basis expansion of x € U C V is

relU & dazxzeU, N K,>U
< Ja.xze(U,NV) A (K,2UCV).

The filter property is

reUl NeelUl & zcU AzelU, ANzcV
& JezxeU.NV) A (aDJcTh). O

This fails the boundedness property, but we can (re)impose it:

Lemma 3.8 For any basis (A, C, <), the subset A’ = {a | 3¢. @ < ¢} defines another basis for the
same space but also obeys boundedness.

Proof First observe that

Ka2U=J{Ui | Uy CU} = 3.Ke2U CU = 3Ha<t

since the family (U,) provides a directed basis and C, is Scott continuous. Hence the basis
expansion is

zxelU & Ja(zelU,) N (Ki3U)
& da.(zelU,) N (KedU) AN (Floa=< )
= dacA. (zelU,) A (K,20).

The subset A’ is downwards-closed with respect to = and < because of contravariance and tran-
sitivity of <. Hence the concrete basis still has the filtered property and the abstract one still
obeys the Wilker and intersection rules:

a<lcA = TFk.a<k=<'"t NECA

a<=k=<lCANEK=UGCA = W.a<xlVTlH ANUTl ANUCA. O
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Lemma 3.9 A basis for an closed subspace C' C X is obtained from a basis (U,, K,) for X by
U = U,uvV  and K¢ = K,,
where V is the complementary open subspace to C (in the sense of Proposition . Hence
a<l = Jk (a=<kUl) N (Kp3V).
Proof IfzeC,sox ¢V, then

2 €U, UV) ANze (U UV) < Je.xze (U,UV) A (aJcCb)

and €W < Ja.x € (U,UV) AN K, 2> W.
Notice in particular that (a < o) if K, > V. In Section [12| we investigate when it is possible to
eliminate such empty covers. O

The topological ideas that we shall use in the course of this paper rely, naturally enough, on
the open subspaces of a space. We will come to learn that the points are secondary, so the rest of
this section shows how to express points and compact subspaces in terms of open ones. The first
result is due to Jimmie Lawson [GHK™80, §I 3.3].

Lemma 3.10 Let a € r C A where r is rounded,
r3b < Je.r>¢c=<b.
Then there is a <-filter s with a € s C 7, i.e.
da.a € s, (a€s) AN(bes) < Jces.(c=<a) A (c=D).

Proof Let ag = a. By repeated use of single interpolation, roundedness of r and Dependent
Choice, let 7 3 a;11 < a;. Having constructed such a sequence, let s = {b | Ji. a; < b}.

Then a € s because a1 < ag = a.

Also s is upper because if b € s with b < b or bC b then a; < b < b and b’ € s.

Also s is a <-filter because if a;, < b; and a;, < be then with ¢ = max(i1,i2), a; < a;; < by
and a; < a;, <X bo. O

Lemma 3.11 Let (U,,K,) be a basis using Scott-open families and s C A a —<-filter. Then
K = {U|3a€s.K, 32U} is a Scott-open filter of open subspaces.

Proof It is Scott-open since the I, are and we have K 5 X because s is inhabited. If U € K, C K
and V € K, C K with d < ¢ < a,b in s then by the weak intersection rule there is some k with
d=<kLCa,b, so

Kg>2U, CcU,NU, CUNV

and UNV e K4 C K since it’s upper. O
We will see in Corollary that, if the basis is directed, then every Scott-open filter may be

expressed in this way.

Lemma 3.12 Let K C Q be a Scott-filter with V' ¢ IC. Then there is a maximal Scott-open filter
Pwith K CP CQandV ¢ P and then P is completely coprime.

Proof This is based on a well known argument for commutative rings, using Zorn’s Lemma, but
see [Joh82, Lemma VII 4.3] for a proof. O
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In order to deduce information about the points, we need an additional property to say that a
space has exactly the points that are dictated by its open subspaces.

Definition 3.13 A completely co-prime filter or formal point for the topology on X is a
family P of open subspaces of X such that

XeP, UVeP <+ UnNVeP ad |JUeP < 3iU;eP.

In particular, for every ordinary point z € X, the neighbourhood filter P, = {U |z € U} is a
formal point.

Then a space X is sober if every formal point is of this form for some unique ordinary
point & € X. Sobriety is often stated as requiring that every irreducible closed subspace C' is the
closure of a unique point p. This is equivalent to our definition, with

P={U|UNC=0} and C = Xx\|J{U|U¢P},

sothat UNC =0 < UeP < zel.
Containment, P; C Ps, of one formal point in another is called the specialisation order, as
is the corresponding relation between ordinary points.

Now we can give the topological characterisation of compact subspaces that is due to Karl
Hofmann and Michael Mislove [HM81]. Beware that it requires the space to be sober, though not
necessarily locally compact.

Proposition 3.14 Any Scott-open filter K of open subspaces of a sober space satisfies
KU < KcU where K = mlC is compact.

Proof 1If K 3 U then K C U by definition of (K. Conversely, by Lemma if U ¢ K then
there is a formal point P with U ¢ P D K, so by sobriety (Definition there is a (concrete)
point p with p € V. <= V € P. Hence p € K but p ¢ U, as required. The subspace K is
compact because its neighbourhood filter I is Scott-open. O

Definition 3.15 We therefore call any Scott-open filter K a formal compact subspace. How-
ever, the constructions in Section |8 illustrate that not every (concrete) compact subspace is the
intersection of its neighbourhoods like this; one that does so is called saturated, although this
use of the word is unrelated to that in Definition [L14l

Proposition 3.16 If the abstract basis satisfies the boundedness and strong intersection rules
then each Scott-open family I, is a filter and K, = (K, is a compact subspace with K, C
U <= K, > U. Then the basis expansion is

peU « JapelU, NK,CU or U = |J{Us|K,CU}.

Proof Each a € A has some a < b by boundedness and U, C X, so K, 5> X.

If Xo 2 U,V then Uy, C U and Uy C V with a < k,¢, so a < h C k,¢ for some h by the
strong intersection rule, but then Uy C U C U and similarly U, C V and U, C U NV, making
Ko2o2UNV.SoK,>U <= K, C U by Proposition and the basis expansion follows. [

We will describe K, more explicitly in terms of the abstract basis in Theorem [5.10] In Sec-
tion [11f we will show how to replace a concrete basis that uses Scott-open families or an abstract
one that obeys the weak intersection rule with another that has compact subspaces or the strong
rule.
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4 Continuous maps

Having described concrete and abstract bases for locally compact spaces, we now undertake a
similar task for continuous functions, which we shall also characterise using binary relations. Since
they are induced by bases and our notion of a dual base of compact subspaces already alludes to
an analogy with linear algebra, we shall call these relations matrices.

Most of the rest of this paper is about equivalent formulations of locally compact spaces and
does not make much use of the results in this section about continuous functions. Indeed, we
discuss the minutiae of the axioms for matrices more for the benefit of subsequent work than for
our present requirements.

Remark 4.1 Given a continuous function f : X — Y between locally compact sober spaces
that have bases (U,, K,) and (V;, Ly,) respectively using compact subspaces, we study the binary
relation, which we call a concrete matriz, that is defined by

(al Flb) = (fKa CLy) = (Ko C f7'Ly),

so in particular (a | id | b) = (a < b). As usual, we can replace the second form of the definition
by Ko 2 f 'L, and use Scott-open families instead of compact subspaces. We will characterise
matrices for continuous functions by the axioms in Definition [1.13

In fact we can set up a lot of the correspondence for Scott-continuous operators M* : QY — QX
(Proposition , although it only works properly when they preserve all unions.

Lemma 4.2 For any such Scott-continuous operator M*, the concrete matrix < a | M | b> = (K, C
M*V}) is contravariant and saturated in a and covariant in b. It also satisfies

MV, = | J{Ua | (a| M|b)} = |J{Uk |Va € k. (a| M |b)}.
a k
Proof The variance properties follow from those of K, and V, (Definition [L.3|b)) and mono-
tonicity of M*. The last part is the basis expansion of M*V}, from which we deduce
K, CM"V, < Fk. K, CUp ANVd € k. Ky C M*V,,

since K, is compact. Hence the matrix is saturated in a:

(a|M|b) < Tk.(a<k) A Vd €k.(a|M]b). O

We can improve on this using the ideas of the previous section:

Lemma 4.3 If the bases obey the single interpolation, rounded union and boundedness below
properties (Definition and Lemma then the matrix is rounded on both sides.

Proof By single interpolation within the saturation property of the previous result,
(a|M|b) & 3Fk.(a<k) AVa €k (a"|M]|b)
& FJd'k.(a=<d <k) AVa" €k (a"|M|b)
& 3d. (a=<a) A (d|M]b),
we deduce roundedness in a.

The expansion of V}, with respect to the directed basis (Lemma [3.4)) is

Vi = W et Ly c v} = [JVile<b),
¢ ¢
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S0, since M* is Scott-continuous and K, is compact,

(a|M|b) = K,cMV,=|J{MVi|t<b}
‘
& WK, MV, AN (£<D)
& . K, C MV, AN (£ <V <)
= 3. (a|M[V) A <D),
where b’ comes from the rounded union property. Hence the matrix is rounded in b. O

Lemma 4.4 For any matrix ( | M| ) that is rounded in b, the operator M defined by

MV

J{Ua 3. (a|M|b) A L, C V}

{0 IVa € k. 3. (a| M |b) A Ly C V}
k

is Scott-continuous and

MW, = | J{Ua | (a|M|b)} = | J{U |Va e k. (a|M]|b)}.

a k

Hence if the matrix < | M | > was defined from an operator M* then
MYV ¢ M*V  and MV, = M*V;.
Proof Scott continuity is immediate from compactness of Ly, whilst roundedness gives

MV, = (J{Ua |3 (a|M|V') A Ly CVi}

J{Ua [ 3. (a| M[V) A ¥ <b)}
e (J{Ua | (a|M]b)}.

To show that M1V C M*V it suffices to observe that
(a|M|b) NLyCV = Ko > MV, A L, CV = U, C M*V},
by the basis expansion of M*V;. Equality in the case V =V}, follows from Lemma (]

Lemma 4.5 If the matrix < | M | > is co- and contravariant, rounded on both sides and saturated
in its input then it is recovered from the operator MT.

Proof By the previous lemma, the derived matrix is
Ko C MV, < 3k. K, CUp AVd €k.(d|M]|b),
but the right hand side of this is just <a ‘ M | b> because this is saturated by hypothesis. O

Notation 4.6 Given matrices < ’M‘ > and < ’N‘ >,

MINTW) = | J{U [Va€ k.36 (a| M|b) A Ly C NTW},
so  (a|M;N|c) = K,C M (N'W,)
k. (a<k) AVa €k.3b.(a|M|b) A (b|N|c),
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which we call the saturated composite. However, this definition is not yet safe to use:

Example 4.7 Even when Scott-continuous operators M* and N* are representable by matrices,
their composite P* = M* - N* not not be.

Proof Let X = 1 = {e} with prime basis A = {e}, Y = 2 = {0,1} with directed basis
B ={0,1,e} and Z = 2 x 2 with prime basis C' = {(0,0), (0, 1), ( ) (1, 1)}.

Let M* : ¥ — $¥ be conjunction, so its only true matrix element is (o | M |e).

Let N* : ¥4 — ¥V be disjunction on the second component, its true matrix elements being
(0|N[(0,0)), (0O|N|(0,1)), (1| N|(1,0)) and (1| N|(1,1)).

Then M*N*{(0,1),(1,0)} = {e} but M*N*{(z1,22)} = 0 for any of the four singletons.
Therefore, since these singletons provide the basis for Z, the matrix < | P | c> for P* = M* - N~
is everywhere false and P'V = (). The relational and saturated composite matrices are also
everywhere false. O

It is not this failure that will surprise you but that we ever suggested that we could define
matrices using singletons instead of lists, when we needed to use lists in bases to capture the way
below relation for locally compact spaces other than domains. We will see that it does work for
inverse images operators for continuous functions. For Scott-continuous operators, we have

Lemma 4.8 If the basis (V4, L) is directed then every Scott-continuous operator is represented
by its matrix.

Proof By hypothesis the basis expansion V = |J{V}, | Ly C V'} is directed and M* preserves
it. By Lemma the operator M that is derived from the matrix <a ’ M ‘ b> that was obtained
from M* also preserves this union, whilst M1V, = M*V;. Hence MV = M*V for any V. O

In this case, Lemmas define a bijection between these operators and matrices that are
co- and contravariant, rounded and saturated. It follows that the category of locally compact
spaces and Scott-continuous operators is equivalent to one of bases and matrices with saturated
composition, although it is not obvious from its abstract definition that this composition is asso-
ciative.

Without this assumption, however, rounded saturated matrices just correspond to some of the
Scott-continuous operators between open-set lattices, but unfortunately not even to a subcategory
of them. In order to improve on this result, we require better control of finite unions, so we must
restrict attention to operators that preserve them.

First we want to extend the definition of the matrix to unions in the output:

Lemma 4.9 If M* preserves all unions then
K, c MV, <= 3Fk.(a<k) A Va'ek.3b€£.<a’]M|b>.

Proof Using the directed basis expansion of M*V,

MV, = M v = (UMW, = YU | Ko € M7V}
bel bel bel a’
= (J{Ua | T e t. Ko € MV}
a/
= U IVd € k.30 € €. K € M*V3).
k

Then, since K, is compact,

K, C MV, < 3k. K, CU, ANVd €k.Fbel. K,y C M*V,

18



whence the result follows by the definitions of (a < k) and (a’ | M |b). O

This brings us to the matrix characterisation of operators that preserve arbitrary unions:
Lemma 4.10 If M* preserves unions then < |M ’ > has the partition property,
(a|M|b) N (b=<t) = Fk.(a=<k) AVd €k.Ibel (d|M]|b).
Proof Since (b <{) = (Ly C Vi) = (Vy C Vi) = (M*V, C M*V}), the previous result gives

(a|M|b) A (b=l = K,CMV,CMYV,
= Jk.(a<k) AVd €k I el (a|M|V). O

Lemma 4.11 For any predicate ¢ on the indexing set of the basis,
U{Ua | 3k (a < k) A VA €k.¢a’y C | J{Us | ¢a'}.

Proof If a < k then K, C Uy, so U, C Uy, = J{Us | @’ € k}. Hence if also Va' € k. ¢a’ then
U, C {U, | ¢pa’'} and the result follows. O

Lemma 4.12 If the matrix < ‘ M | > has the partition property then M preserves unions.

Proof Ifb € ¢ then V, C Vy and MV, ¢ MTV,, so U{M'V, |be ¥} Cc MTV,.
For the reverse inclusion, by the partition property and Lemma

MWV, = | J{Ua |V (a|M|V) A (¥ <0}
c J{Ua| 3k (a=k) AVd ek.Tbel (d|M]|b)}
c J{Uw |Fet (d|M]|b)}
= (J{MV, b e
Then, since M1 also preserves directed unions, it preserves all of them. O

Proposition 4.13 If the bases obey the single interpolation, rounded union and boundedness
below properties then the correspondence above defines a bijection between union-preserving op-
erators and matrices that are co- and contravariant, rounded and saturated and have the partition
property.

Proof Asin Lemmal[4.8] but with arbitrary unions instead of directed ones, where the previous
two lemmas establish the connection between finite unions and the partition property. O

Example 4.14 For f : R — R with the usual interval basis, the partition property expresses
uniform e-§ continuity ¢ la Weierstrass: If £ is a list of intervals each of width e that together
cover the range of a function, there is a list k£ of intervals of width § covering its argument. Then
if 1 and x5 belong to the same d-interval, fz; and fxo will belong to the same e-interval. O

It remains to find the properties of matrices that correspond to the fact that inverse images

maps preserve the whole space and intersections. We say that a matrix is bounded and filtered
respectively if it has the relevant properties. Unfortunately, we cannot do this independently of the
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unions: we must assume either that the bases are directed or that the matrices have the partition
property.

Remark 4.15 Suppose first that the bases are stable (Definition . Then the matrix for a
continuous function satisfies
(a|fle) = (fK.CY) & T

and (fKa C Vo) A (fKa CVoy) = (fKa C Vi),
which is (alflbi) A (alflbe) <= (a|f]biMby).

However, as we discussed in Examples 23] we do not want to assume that our bases carry this
semilattice structure. In some cases we may replace the actual top element or intersection above
with an existentially quantified variable b:

Definition 4.16 A matrix is uniformly bounded and filtered respectively if
3. (al|f|b)
and {alflbr) A (alf|ba)y = 3b.(a|f|b) A (b=<b1) A (b= D).

However, in the leading examples we do not want to assume a union operation for our bases
any more than we did an intersection. We really need to use <a ’ f | €> = (K, C f~'V,), but
this is not defined in Notation [I.13] although Lemma gave a formula for it that is related to
saturation. So, instead of requiring uniform boundedness and filteredness as above, we ask that
these properties hold after they have been saturated.

Lemma 4.17 If M* preserves unions and M*Y = X then < | M‘ > is bounded:
k. (a < k) A Va' € k.3b. <a’|M’b>.

Conversely, if < | M | > is bounded then MY = X.

Proof We have K, C M*Y for each basic compact subspace and so I¢. K, C M*V,. Using
Lemma this amounts to the given formula for boundedness. Conversely, by Lemma |4.11

MY = (J{Ua |3b.(d' | M|b)}
5> | J{Ua |3k (a < k) A Va' € k.3b.(a’ | M|b)}
> Y| T} = X. O

This complicated property reduces to the simpler ones if we have the relevant structure:

Lemma 4.18 Let the abstract matrix < |M ‘ > be covariant, rounded, bounded and saturated.
Then
(a) if the basis B has a top element ® with respect to C then (a|M|e) < T;

(b) if B is directed then 3b. (a| M |b); and
(c) if Ais prime (a < k= 3b.a b€k, Example then 3b. <a‘M’b>. O

Example 4.19 Let X = 2 with the singleton basis, Y = 2 with the directed basis and consider

the identity map between them. Then the matrix <a | id | £> =(a€¥) forid: X — Y is uniformly
bounded but its inverse (£ |id |a ) = (¢ C {a}) is not. O
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Turning to binary intersections, we have different results for bases that use compact subspaces
or Scott-open families:

Lemma 4.20 Let M* : QY — QX be an operator that preserves all unions and binary intersec-
tions. If the basis for X uses compact subspaces then the matrix < | M | > is strongly filtered:

(a|M[br) A (alM]by) =
Kl (a<k) A (Vo' €k.Tbel{d|M|b)) A (Vb€ Lb TbL by).
If instead it uses Scott-open families then ( | M | ) is weakly filtered:
(a=d) A {ad|M|b) A (d|M]|b) =
3kl (a<k) A (Vo' €k.Ibel{d|M|b)) A (Vb€ L.by TbLT by).
Proof The hypotheses for the strong rule are K, C M*V;, and K, C M*Vj,. Then
Ko C M*Vy, N M*Vy, = M*(Vy, NV,,)  andso K, C M*V,

for some ¢ with ¢ C by and ¢ C by. By Lemma [£.9] this is the stated conclusion.

In the weak case, we are given K, 2 Uy, Koo 2 M*V,,, and Ko 2 M*Vp,. Then we deduce
K, > M*Vy, N M*V4, as in Lemma and the rest of the argument is the same as in the strong
case. O

Lemma 4.21 If the matrix < ‘ M | > is weakly or strongly filtered and has the partition property
then M' preserves binary intersections.

Proof By Lemmal[4.4] the filter property of a concrete basis, contravariance, the basis expansion
of U, (for roundedness), the weak intersection rule and Lemma [4.11]

MV, N MV,

J{Ua [3aras. (a1 JaTag) A (ar | M[br) A (ag|M|b2)}
U{Ua [ {a|M|br) A (a| M|by)}

U{Ue | Fa. (@' < a) A (a|M|br) A (a|M|by)}

U{Uw | 3k (o' < k) A Va" € k.Tb. (0" [ M|b) A (by TbT bo)}
J{Uar |36 (a” | M |b) A (Vo, DV, C V)

M (Vy, NVay),

N N N N N N

where the fourth line is not needed if < | M | > is strongly filtered. Then MV N MV, = MT(Vl N
V3) since M1 also preserves arbitrary unions by Lemma O

Finally we use sobriety (Definition [3.13)) to complete the characterisation of matrices for con-
tinuous functions:

Theorem 4.22 Let X and Y be locally compact sober spaces with concrete bases (U,, K,) and
(Vs, Lp) that have single interpolation and rounded unions. Then the formulae

<a|f|b> =K, Cf 'V, = fK,CcV, and fzx eV, < Ja.xz €U, A <a|f|b>

21



define bijections amongst

(a) a continuous function f: X —Y;

(b) an operator f~! that takes open subspaces of ¥ to open subspaces of X preserving finite
intersections and arbitrary unions; and

(¢) a matrix <a | f ‘ b> that is co- and contravariant, rounded, saturated, bounded and filtered
and has the partition property.

Proof The correspondence between (a) and (b) is the definition of sobriety and that between
(b) and (c) was the subject of this section. In detail, for each ordinary point « € X,

Po = {VeQY|zefV} ={V|azecU, A (a|f|b)}

is a formal point of Y, because JV; € P, = 3i. V; € P, by Lemma X e P, by Lemma
and V1, V3 € P, = V1NV, € P, by Lemma[:21] Then by sobriety V € P, <= y € V for some
unique y € Y and we put fz = y. This defines a continuous function because f~'V = f*V c X
and this is open by construction, for any open V C Y. O

Remark 4.23 In order to check that you understand the axioms for bases and matrices and how
to use them, you should verify that <a ‘ id ‘ b> = (a < b) has all of the properties of a matrix and
is a unit for saturated composition. By making modifications to this, show that the “improved”
abstract bases in the previous section are isomorphic to the given ones.

5 Classical completeness

In order to prove that the category of locally compact sober spaces and continuous functions is
equivalent to one of bases and matrices, it remains to construct a space from any given abstract
basis.

As is customary, we begin with the points, which are the same as continuous functions from the
singleton. The latter has just one basis element e, with e < e, so points correspond to matrices
of the form <o { f | b>. This means that, in the axioms in the previous section, contravariance,
saturation and roundedness in the argument are trivial, whilst by Lemma (c) boundedness and
filteredness are uniform. The partition property is also simplified, to one that we call locatedness
by analogy with Example for the (Dedekind) real line. Writing p={b| (e ‘ f ’ b)}, we have

Definition 5.1 A formal point for an abstract basis (A4,C, <) is a (typically infinite) subset
p C A such that

adbep = a€p upper
a€Ep & Jb.(b=<a) ANbep rounded

Jda.a €p bounded
(aep) AN(bep) = Fe.(aJclbd) Acep filtered
(aep) N (a<k) = k{Qp = 3b.(bek) A (bep). located

We write X for the set of formal points. Beware that this notion of formal point is related to
the abstract basis, whereas the one in Definition is defined by the topology, which we now
describe. We will show that the two notions are isomorphic in Lemma The specialisation
order is given by inclusion.

Definition 5.2 For each a € A and k € Fin (A), the basic open subsets of X are

U, = {p|aep} and U, ={p|lk(p = Ja.aek A acp}
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General open subsets are unions of these, so they are of the form U, as in the second expression,
but with a possibly infinite set © C A in place of k. It is convenient to write

uv = Ja. (acu) A (a€v)
for any two such subsets u,v C A.

Lemma 5.3 If a C b or a < b then U, C U,. The whole set X of formal points is open, i.e. it is
expressible as a union of basic open subsets, as is the intersection of any two subsets that are so
expressible.

Proof The first three parts follow from the requirements that formal points be upper, rounded
and bounded respectively, whilst the filteredness property of formal points says that

U,.NU, = U{Uc|agcgb}
and the property for intersections of general unions follows from this. O

Lemma 5.4 The family of open subspaces given by
Ko = {U|3k.(a<k) N U, CU}

is Scott-open. If @ < k then K, © Uy and if a C b then K, D Kp.
Proof By the Wilker property of < and the previous lemma,

KedU = 3k (a<k) AUy CU

3kl (a =€ =<"k) AN Uy, CU

3kl (a <) ANVYbeLl Icek. (b=<c) AU, CU
Jkl.(a=<0) NU CU, CU

= 3k.K,2UxCU.

4

4

Contravariance of K(_y follows from that of <. O
Lemma 5.5 The system (U,, KC,) satisfies the basis expansion
PEU <= Ja.pelU, AK,2U or U = |J{U.|K.>U}

and is therefore a concrete basis for X using Scott-open families.

Proof [=] Since general open subsets are unions of basic ones, p € U, C U for some b. Then
b € p and by roundedness of p there is some a € p with a < b. Hence p € U, and K, > U because
k= {b} givesa < k and U, C U.

[«<] For some a and k, we have a € p and a < k with Uy C U, so by locatedness of p there is
somebekNpandpe U, CU, CU. O

This is all very well, but the problem was to find a space with a concrete basis that induces
the given abstract basis, i.e. such that a < £k <= K, > Ug. Proving such things in point—
set topology involves finding points with specific properties. In particular, if I, is of the form
{U| K, CU} but a & k then we need to find a point that is in K, but not in U.
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For us, a “point” is a certain kind of subset of A (Definition |5.1]) and we need one that includes
some elements of A but excludes others. Lawson’s Lemma provides a <-filter, so we need a
way of obtaining rounded located subsets of the basis.

Lemma 5.6 For any subset r C A, we obtain a rounded located subset r C r by
r={acA|3d. (d<a) Ader}

where ader = (Vk.d <k = k{(r).

Indeed, r + r is coclosure operation for which r = r iff r is rounded and located.

Proof The operation is decreasing (r C r), by putting k = {a}, soa € kNr.

It also preserves order: if r C v’ then o’ e 7 = a’ ¢’ and so r C r'.

If r is already rounded and located then r = r: given a € r, by roundedness there is some
a' € r with @’ < a and if @’ < k then k () by locatedness.

For general r, the subset r is rounded: if a € r then by the definition of r and single interpolation
there are a”’ < o’ < a with a” er,s0d’ €.

The difficult part is locatedness of r. Let a € r with a < £, so there are @’ and k with
a' < k < aandk <! /¢ by Lemma We need to find b € k with b e , from which we obtain ¢
with b < ¢ € £ since k <! ¢ and then c € £ N .

Suppose that there is no such b € k, so

Vbek —(ber) = Vbek Iy (b=<hy)A(hynr=0).

Then a<k=<h=J{h|bek} with hnr=9,

which contradicts a e r. Hence there is some b € k with b e r as required
O

Now we want to find a point p such that s C p C r C A, where s is a <-filter and r a rounded
located subset. One way of making a formal point from a filter is to incorporate instances of
locatedness into the proof of Lemma [3.10, which we can do if the basis is countable:

Lemma 5.7 Let (A, C, <) be a countable abstract basis and a € r C A, where r is rounded and
located. Then there is a point p with a € p C r.

Proof Let k; be an enumeration of Fin (A4) such each finite set k occurs infinitely often, so for
any k € Fin (A) and ¢ € N there is some j > ¢ with k = k;.

As in Lemma we put agp = a and define a descending sequence with a;11 < a;, but we
use locatedness to modify the choice of the terms.

As before, at each stage ¢ € N, we first let ' < a; with o’ € r since r is rounded. If a; & k;
then just let a;41 = d'.

If ' < a; < k; then by Lemma there is some k' with o’ < k' <! a;, k;. Since o’ € r and
r is located, there is some a” € rNk’, so a’’ < a; and a” < b € k;, so b € r since r is upper. We
put a;+1 = a”.

Again as before, the subset p = {b | 3i. a; < b} is a <-filter with a € p C r.

But p is also located. If a; < o’ < k then, by assumption on the enumeration of Fin (A),
k = k; for some j with ¢ < j. By construction, a; < a; < o’ < k = k; and then aj.1 < b € k;j,
so b € kN p as required.

Then p is a filter with respect to C as well as <: If a € p 3 b then there is d € p with
a » d < b and a further e € p with e < d. Then by the weak intersection rule there is some k
with e < k C a,b. Since p is located, there is some ¢ € kNp, soa JcCb.

Hence p has all the properties of a formal point. O
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The statement of this result is very similar to Lemma so with some ingenuity you may
be able to adapt that to the uncountable case. In fact, we will see how to do this in the next two
sections, with the benefit of the point-free view of topology. But for the moment we accept the
countability restriction and use the result that we have to recover a < k:

Lemma 5.8 If the basis is countable and K, > U then a < k.
Proof We claim first that

b=<c) N({U.CUi) = (b=<c) AN (Yp.cep=pik) = (b<k).

Otherwise, by Lemma there is a rounded located subset r C A with ¢ € r C A\ k. Then by
Lemmathere is a point p with ¢ € p C . This means that p € U, C Uy, so p () k, contradicting
pNk =0 from the construction.

We generalise this to covers by lists using the Wilker and transitivity properties for <:

Ka2Up = 3. (a=l <'0) AVeel (U.CUy)
= W.(a=<l)AVbel . Je.(b=<c) AN (Vp.ceEp=p(k)
= . (a=l)AVel . b<k) = a=<k O

Now we can at last return to the topological ideas.

Lemma 5.9 If the basis is countable then the space X is sober.

Proof Let P be a formal point in the sense of Definition [3.13] i.e. a family of open subspaces of
X such that

XeP, UVeP < UNVeP ad |JUeP < 3iUeP.

We claim that p = {a | U, € P} is a formal point in the sense of Definition and satisfies
P={U|peU}. Indeed,pe U, <= a€p < U, € P and this extends tope U =U,, <
U, € P by the third property of P.

We leave it to the reader to show that P is a filter, i.e. bounded, filtered and upper.

It is located: if @ € p and a < ¢ then U, € P and K, > Uy, so U, C U; € P from the basis
expansion, but then U, € P by the third property of P, for some b € ¢, for which b € p.

Finally, using Lemma the basis expansion U, = |J{Uy | Ky > U, } gives the roundedness
property a € p <= Jb.pebAb < a.

Alternatively, ¢ = {a | 3b. Uy € P Ab < a} is easily seen to be rounded and upper, whilst the
proof that p is filtered and located can be adapted to g, but then showing that g € U «<— U € P
depends on Lemma [5.§ O

Theorem 5.10 Every countable abstract basis arises from some concrete basis using Scott-open
families for some locally compact sober topological space. If the abstract basis satisfies the bound-
edness and strong intersection rules then it arises from some basis using compact subspaces, where

K, = ﬂICa = {p|Vk.(a <k)=p{k}.

Proof We have already completed the proof for Scott-open families, so it only remains to identify
the points of the compact subspace in the strong case, using Proposition
pEﬂICa = YWUeK,peU
= Vk VU (a<k) NU,CU = pelU
& Vk.(a<k) = peU
= Vk.(a<k) = (p(k). O
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Remark 5.11 If a < ¢ but a K k then K, C U, but K, ¢ Uy, so there is a point p with
p€ K, CU.butp¢ U, soc€pbut pNnk = 0. However, this begs the question, because we used
this property to prove sobriety and so to characterise compact subspaces.

Examining the place where we needed to use the partial result (Lemma , we notice first
that the topology on X is not actually being used: the arguments just concern the relationship
between the abstract basis and its formal points. In fact the difficulty was in translating the
containment of subspaces U. C Uy, in Lemma and the basis expansion U, = J{U, | Ky 2 U, }
in Lemma from their definition in terms of points in Definition back into the properties
of <. Indeed it was the Uy, C U in Lemma (which was needed to make I, upper) that obliged
us to do this.

Maybe we should define the open subspaces directly from the abstract basis without this
diversion via formal points.

6 Locales

The applications of topology to other disciplines are often called spectra, in which the “points”
are structures such as prime ideals that have fairly complicated definitions (c¢f. Definitions
and and can be difficult to find (¢f. Lemma . On the other hand, the “open subspaces”
typically correspond directly to much simpler features of the mathematical system under study.
Peter Johnstone’s book [Joh82] explores many examples of this phenomenon. Following him, we
make the

Definition 6.1 A frame (Q is a lattice with arbitrary joins (\/) over which meets (A) distribute,

Un\Vi=\UnrW),

so the lattice 2X of open subspaces of any topological space X is an example. Accordingly, a
frame homomorphism f* : Qs — € is a function that preserves \/, T and A, just as the
inverse image operator f~! : QY — QX does for any continuous function f : X — Y. Frames
and homomorphisms form a category, but when we want to use them to discuss topological ideas
we use the names locale and continuous map instead for the objects and morphisms of the
opposite category.

For compatibility with Point—Set Topology, we (sometimes) continue to use capital letters for
elements of a frame. However, we write U < V instead of U C V for the order, because it is
abstract and not necessarily represented by an inclusion (Warning . As we have already
done, we also use A and \/ instead of N and |J for the operations.

Definition 6.2 In a locale, following Definitions and
(a) a formal point is a completely coprime filter P C Q;

(b) a formal open subspace is an element U € Q) of the frame,
(¢) a formal compact subspace is a Scott-open filter K C  in the frame.

In order to work with locales, we need a technique for constructing frames, so, since they
are algebras, we present them by means of generators and equations. Such a set of generators is
essentially just a basis in the same sense as for general (not necessarily locally compact) topological
spaces (Definition , 1.e. using just open subspaces and not compact ones:

Definition 6.3 A concrete basis for a frame or locale is a family of elements U, of the frame 2
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such that
) if a b then U, < Uy;

(a
(b) Us AU, = V{U.|adcCb};and
(¢) U=V{U, | U, <U} for any U € Q.

The most efficient way of expressing the equations for a frame is this:

Definition 6.4 A formal cover (A,C,<) consists of a preorder C on a set A together with a
relation @ < u between elements and (possibly infinite) subsets of A such that

a€u=— adu, bEc<ulv=baw,
a<du<dv=—a<dv and cAduNc<dv < c<ullv,
where udv = Vb e u. b, ulv =Vbewu.dcev.bCec
and ulv = {b|(Bceu.bCc) A (3dev.bC d)}.

Therefore M and not N is the meet operation corresponding to the preorder C and beware that
our use of M is temporarily different from that in Notation[1.12] as far as Lemma

Lemma 6.5 Given any A-indexed concrete basis for a topological space or frame, the relation
defined by

adu = Uag\/{Ub|b€u}
is a formal cover. O
Lemma 6.6 Given any formal cover (A, C, <), the map j on subsets of A that takes
uCA to  ju = {ala<u} CA
is a closure operation and also satisfies
ja Cju < a<u and jungjuv = j(uMw).

In particular, if u = ju then w is lower, but see Proposition for the precise characterisation.

Proof Ifu C v then Va.a<u=a<vso jucC jv.

If a € u then a <u, so u C ju.

Therefore a <u <= a € ju <= ja C juand u<dv <= u C juv <= ju C juv.

If a € ju then a <u so ju <u and j(ju) = ju.

For the intersection, ju N jv = j(wMv) because a<uNa<v < a<ulo. O

Theorem 6.7 Every formal cover presents a frame, i.e. it arises from some concrete basis on some
frame.

Proof Let Q={uC A|u=ju} with (u <v)=(uCv),
T=A€Q uAv =j(unv) and \/ui = j(UuZ)
If w,v,u; € Athen T,uAv,\ u; € A too, by the Lemma. We recover the formal < relation because
ja < \/uZ = ja Cj(Uui) < ad Uul

by the Lemma. Note that we put no countability restriction on this result as we did in the previous
section: it holds for any formal cover.
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We have \/(u Av;) <uA\ v trivially. Conversely, writing v = |Jv;,

ul‘lvzuﬂUvi = {d|Ja€cu Fi.FIbev,,a JdCH}
= U(ul‘lvi) < Uj(ul_lvi) = U(u/\vi).
cGu/\\/vi = c<1u|_|\/vi:>c<1u/\c<1\/vi

= c¢du A c<v = c<1u|_lv<1U(uﬂv,;)
= cE\/(u/\vi). O

Whilst we have introduced € here as a subset of the powerset P(A), it is actually a retract
and we shall often find it more convenient to regard it as a quotient. That is, we use a general
subset © C A to denote an element ju € Q of the frame. Indeed, it is the surjection and not the
inclusion of frames that is the homomorphism, defining a sublocale.

Proposition 6.8 Any frame with a concrete basis (Definition |6.3]) is recovered up to isomorphism
from the formal cover that it defines, where

ur—>\/{Ub|b€u} and U—{a|U, CU},

the basic open subspaces being U, and ja = {b|b<a} = {b|U, C U,}. O

Therefore a formal cover corresponds bijectively to a locale that is equipped with a specified
concrete basis. Using arguments similar to those in Section [l we can go on to express frame
homomorphisms or continuous functions between locales in terms of a basis and therefore a formal
cover:

Proposition 6.9 There is a bijective correspondence between frame homomorphisms and matrices
defined by

[a‘f|b} = (aef*(jb)) and f*v:{a|5|b.[a|f|b] A b<av},
where the matrices satisfy

aCdad A [a’|f‘b'] AbLChH

= [al|f]|b] co- & contravariance

3b. [a|f‘b] boundedness

[a|f|br] A [a] flb2] = 3b.[a|f]b] A b1 Db b filteredness
[a|f]b] A bav = Ju.a<du A Vd €u. I €v. [d|f]|V] partition
a<du AV €u. [d|f|b] = [a|f]b]. saturation

I don’t think the bounded and filtered rules are correct, for the same reason as in Example [{.19
We can deduce the characterisation of formal points from this as we did in Definition but
since we intend to use it we prove it in detail.

Proposition 6.10 A formal point of a formal cover is a subset p C A such that

Ja.a €p bounded
adbep = a€p upper
(aep) AN(bep) = Fc.(aJcEb) Acep filtered
(a€ep) A (a<du) = ulp = 3b.(beu) A (bep). positive
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The correspondence with Definition [3.13]is
p={aljaceP}CcA and P = {u|pfu=ju}CQ.

Proof Given a completely coprime filter P C €2, the set p is upper because P is and j preserves
inclusions. Also p is bounded because P 5 A = \/ {ja | a € A} so Ja. ja € P since it is completely
coprime. For the filter property of p,
a€p3b = jaeP>jb
= P>3janjb=j(aMp) :\/{jc|c€aﬂb}
= Je.P3jc A (@adcCbhb) = Je.pdceallbd.
For positivity,
pda<du = P>jaCja = \/{jb|b€u}
= db.Po3jbANbeu = Jb.p3bcu.
Conversely, given p, the family P is upper since p § u C v = p (§ v and bounded since p is and so
Ja.a € p A ja € P. For the filter property of P,
ueEP3v = u(lplv = Jab.udacp>d3bew
= deulvdcep = unNvepP.

We recover P from p because P is completely coprime and
{ulpfu=ju} = {u]Ja.P3>jaNacu=ju}
= {u|u:\/{ja|P9jaAa€u}} = P.
We recover p from P because it is positive and
{a]jaeP} ={a|p(ja} = {a|Tb.p2baa} = p. O

When we make the connection between < and < in Lemma [7.11] we will see that the notions of
formal point for these two relations also agree, with positivity playing the same role as locatedness
and roundedness together.

Corresponding with Definition [3.13] ju € P <= Ja.p > a <u. We say that such a point lies
in a formal open set v C A if p § u, and then we write U, = {p | p ( u} for the extent of u. This
is the same as Definition [£.2] and we have

Proposition 6.11 Extent (the map u +— U,,) is a frame homomorphism.

Proof From the first three axioms, T { pand u § p ) v =>p () (ulMv), so extent preserves finite
meets. By the last, p § ju < pQu,sop§ Vu; < p(Ju; < Fi.p | u; and extent
preserves joins. O

Warning 6.12 Although the formal opens u € € in Theorem are sets, they are sets of basis
elements and not sets of (formal) points as they were in Section [5| Indeed, the formal opens of a
locale need mot in general be faithfully representable as sets of points at all, since the extent need
not be an isomorphism [Joh82]. A frame, locale or formal cover for which this is an isomorphism
is called spatial or is said to have enough points. Since we just need U, C U, = a < u, the
characterisation in terms of < is this:

Proposition 6.13 A formal cover < has enough points iff

(Vpaep=plu) = a<du. O
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Now we return to locales and local compactness. Definition of a basis for a topological
space using Scott-open families can easily be transferred because it only mentions opens and not
points. We find that, when a locale has some basis of this kind then is has a canonical one, in
which K, is determined order-theoretically by U,:

Lemma 6.14 If a frame  has a basis (U,, K,) using Scott-open families then
KedV = U, <V and so a<l =K,2U, = U, < Uy,

where we say that U is way below V in ), written

U<Ww, it YW). Vv<\/W = 3 U<\/ W
i€l it
In such a frame, the subset 11U ={V |U <V} CQ is itself Scott-open.

Proof If K, 3 V < \/W; then, since K, is Scott-open, a finite join j C I will do, so K, >
W =V {W; | i € £}. The latter means that U, contributes to the expansion of W, so U, < W, as
required for the definition of U, < V. O

Corollary 6.15 A locale is locally compact in the sense that its frame has some basis using
Scott-open families, with

V= \/{Us|Ka3V},  iffitis continuous, V = \/{U|U<V}. O

However, we retain the distinction that a locally compact locale comes equipped with the
additional structure of an arbitrary but specified concrete basis (U,, K, ), ¢f. Definition whilst
a continuous one just has the relation < that is defined from the order on the frame.

The notion of a continuous lattice arose during the 1970s in theoretical computer science,
topological lattice theory and spectral theory, leading to the six-author Compendium |GHK™80):
see in particular the historical notes at the end of its Section I 1.

We can proceed in the same way as in Sections [4] and

Proposition 6.16 For any concrete basis on a locale using Scott-open families, in particular the
one with K, =1 U,, the relation (a < ¢) = (K, > Uy) makes (A,C, <) an abstract basis. O
Also summarise the translations of the results in Sections[3{]] into locale theory.

Next, Inger Sigstam [Sig05] translated the way-below relation < from continuous lattices to
their generating formal covers. Then Sara Negri [Neg02] considered a possibly sparser relation like
our =<, writing i(a) for our {b|b < a} in her Definition 4.10 for a “locally Stone” formal cover,
i.e. one that we simply call locally compact.

Lemma 6.17 For any formal cover (A, C,<), the frame that it presents is continuous iff
a<a{b|b<a} where (u<wv) = Vwov<dw= . udl Cw).

We then say that A is a continuous formal cover.
Here we are temporarily using < for a binary relation on A that we are comparing with < on
the frame (2 that we constructed in Theorem [6.7} Afterwards, we shall write < for both relations.

Proof By Lemma[6.6] the u < v relation on subsets of A is equivalent to

Yw. ju C jw = . ju C jl N £ C w,
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which is ju < jv in Q. However, we are claiming that it is enough to use single elements of
the basis to test continuity of the frame. The set-wise continuity condition (Corollary [6.15)), for
v = {a}, implies

a<a|J{ulu<a} = {b|Fubecu<a}l = {b|b<a},
as follows from the fact that b € u < a = b < a. Conversely, the singleton condition gives
Vaeu.aq{b|b<a}CLJ{U|U<u}7 S0 u<1U{v|v<u},

since b < a €u=v={b} <u. O

Traditional topology relied to its detriment on points, where the natural mathematical structure
often lies in the open subspaces instead. On the other hand, it may be said of locale theory that
it makes excessively heavy use of infinitary lattice theory. Analysts, for example, would tend to
refer to open balls and other neighbourhoods, but not to the lattice of all of them.

The use of complete lattices makes it very tempting to focus on the biggest or smallest example
of something. In our case, we saw earlier that a binary relation < arises naturally from a concrete
basis using compact subspaces. In the localic presentation, Lemma showed that there is a
densest example of <, namely the relation < that is defined infinitarily from the open-set lattice.
However, for example in the last two results, it is not actually necessary to use the densest relation:
any =< satisfying our axioms will do.

We have not yet completed the task of constructing a locally compact locale or topological
space with a given abstract basis. We do this in the next section by translating a general <
relation into a formal cover.

7 Formal topology

We now focus more directly on formal covers per se, instead of just using them as a tool to construct
locales. We take Lemmal6.17, which was inspired by continuous frames, as our starting point, but
we shall see that the modification that Sara Negri made to this definition actually agrees with our
Scott-open families and so our usual definition of local compactness. The outcome of this is that
we succeed in proving completeness of the axioms for abstract bases for sober topological spaces
and locales as well as for formal topology.

Lemma 7.1 For any formal cover (A, C, <), the relation < defined by

a<u = W.u<v=Tk.a<k Cv)
satisfies

a<<u = a<du

aChb<ulw = a<vv

adu << v<dw == a<w

a<u<Kv — a <<

eLk<u N k< = a<ul,

in which the subset uMwv C A is given by Definition

Proof If a < u then by putting v = u (so u < v) in its definition we deduce a < u.
faCb<ulv<w,soVeeu.ddev.cCdaw, then a C b < u < w and a < w using the
variance properties of < twice. Hence a Cb < u C v = a < v.
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Using transitivity of < twice, if a <u < v <w < w’ then k. a <k C w’. Therefore a <u K v <
w=a << wW.

If a < u < v then u<vand a < v.

fa<k<una<<vthen k<uAk v, s0a << k<ulv by the intersection property of <«
and then a < uMo. O

Lemma 7.2 If the formal cover is continuous in the sense of Lemma then the relation < is
finitely represented (or Scott-continuous),

ey <<= H.aklCu,
and satisfies the Wilker rule,
a<l = Fa<k<'l =k a<k AVbek Ie.b<Lcel.

Also, the property a < uMwv is then equivalent to Notation [1.12

Proof Given a < u, we use continuity twice (for the elements of u and then v) to obtain
a €< u<v={c|Icgbeu} «w={d|Tec.d<c<KbEeEu}.
Then transitivity of < and the definition of < give some h such that
a<h Cw, SO Vd € h.Jbc.d < c Kb e u.
Now let k& and ¢ be choices of ¢s and bs for d € h in this, so
a<h<tk<ttCu,

whence ¢ < k <! v and a < £ C u as required. The converses are given by transitivity and
covariance. Applying this to the definition of u M v, we recover Notation [1.12

a<ulNv < H.ag<l ANVbel . dccu.ddcv.cIbLC d. O

Proposition 7.3 If (A,C, <) is a continuous formal cover then (A, C, <) is an abstract basis in
our sense and
bav <= (Va.a<b= 3. a <l Cv).

Proof Only the last part remains. [=] If a < b < v then 3¢. a < ¢ C v by the previous results.
[<] Let u={a|a < b}, sou<v because a < { C v =>a <v, and then b<qu < v. O

Notation 7.4 Conversely, we now show that any abstract basis (A, C, <) defines a continuous
formal cover by
(bau) = Va.a<b=3F.a<{Cu).

Lemma 7.5 This cover relation satisfies
beu=—b<u, bCc<ulv=—baw, cdu<v = c<v,

ba{a|a=<b} and a<l = a<l.
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Proof

bau = VYa.a<b=3.a<lCu

< Va.(a<b=>a<beu) <= beu
bCc<u = bCcAVaa<c=FH.a<xlCu

= Va.a<b=>3I.a<lCu =b<u contravariance
caulC o = Va.a<b=3IH.a<lCulw

= Va.a<b=Ia</lCv = c<av
bat = Va.a<b=3dk.a<kC/l

= Vaa<b=>a<{ < b=/ transitivity of <
ca{b|b=<c} = Vaa<c=3a<lC{b|b=<c}

< Va.a<c=W.a<l<ec. interpolation O

The proof of the other two properties of < of course depends on the Wilker and weak intersection
rules for <.

Lemma 7.6 If ¢ <u < v then ¢ <w.

Proof Suppose that a < ¢ <u <v. Since ¢ < u means
Va.(a < c¢)= 3. (a < Cu),

there is some finite set £ with a < ¢ C u. Then by the Wilker rule there is another finite set k
with
a<k=<'lCu=(a<k) ANVbeEk Icel (b=<ceEu).

We combine this with w<v = Vbe. (b <c€u=3h.b<hCv) togive
a<k ANVbek. dh,.b < hy Cow.

Taking h = J{hy | b€ k} C v, we obtain a < k < h C v, from which a < h C v follows by
transitivity of <. Hence c < v. O

Lemma 7.7 If c<u and ¢ < v then c<uMw.

Proof Given a < ¢, we first interpolate a < ¢ < c¢,soa < ¢ N Vbe l.b<c.
Combining this with ¢ <w and ¢ < v gives

a<l AN VMbel.Thy.b<hy, Cu) A (Vbel. Tky. b < ky Co).
Taking h=J{hy | b€} Cuand k=J{ksy | b € £} C v, we obtain
a<l<hCuAN{l<kCuo.
Then the weak intersection rule gives a < h Mk, which means
F.a<l ANVbel. (Fe.bEcehCu) A (3d.bCdek Cv),

but this is a < ¢ C uMwv. Hence ¢ <uMw. O

Having derived a formal cover < from an abstract way-below relation <, we can use it in the
construction in Theorem

Proposition 7.8 Any abstract basis (A, C, <) defines a frame Q) whose elements are the subsets
u C A such that

b<lCu = beu and b ={ala<xbdiCcu = beu
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Proof If the left hand side of either of the implications holds then b < u and so b € u since u = ju.

Conversely, suppose that u is closed under these two conditions and b < u. Then for any a < b
we have some ¢ with a < ¢ C u by definition of b < u, so a € u by the first condition. Hence
b C u, so b € u by the second condition. O

The way-below relation < that is derived from the formal cover < which is itself defined from
~< satisfies a < £ = a < £ but not necessarily the converse. This is because the given < relation
may encode smaller Scott-open families &, than the canonical $U,, as we saw in Corollary

Lemma 7.9 This frame Q has a basis (U,, K,) using Scott-open families that is given by
U, = ja and K, = {ueQ|3F.a<lCu}l so K,d2Up < a<k.
Proof By the form of the definition, I, is Scott-open. and a < k = K, > Uj. For u € Q, let
v=Aa|Ksou} = {a|3 a<{lCu},

so v C u by the first part of the previous result. Also, if b € u then b<{a|a < b} C v, sou<wv.
Hence

u = ju =jv = \/{Ua|lCaBu}7

which is the basis expansion. For the way-below relation,

KodUy = 3F.a=</lCjk
= dbl.a<b=<{Cjk single interpolation
= dbl.a<b<l<k Lemmas [7.5] [6.6]
= a<k. Lemma [7.6] Notation[7.4 O

We have now proved the analogue of Lemma for locales in complete generality (not just
countably based ones) without using either points or the Axiom of Choice.

Theorem 7.10 Every abstract basis arises from some concrete basis using Scott-open families on
a locally compact formal cover, or locale. U

On the other hand, we may take another look at formal points and prove the classical version
of the theorem, but now without the countability restriction.

Lemma 7.11 Definitions [5.1] and for formal points in terms of <, < and < agree.

Proof They share the properties of being upper, bounded and filtered, so we just have to show
that p is rounded and located (with respect to <) iff it is positive (with respect to <). Substituting
the definition of < from <, the subset p C A is positive iff, for all b € A D w,

bepANbau = bep A Va.a<b= FH.a<xlCu) = plu.

If p is positive and b € p, put © = {a | @ < b}. Then b < u (the bracketed clause holds) because
if a < b then a € u and we may interpolate a < ¢ < b, so a < £ = {c¢} C u. Then by positivity
there is some d € pNu, so p > d < b. Hence p is rounded.

If further p 3 b < £ then b < u = £ because a < b = a < £. So by positivity p § u = ¢ and p
is located.

Conversely, suppose that p is rounded and located and b € p, so we have p > a < b by
roundedness. Then if b < u we have a < ¢ C u by the bracketed clause and so p {§ £ C u by
locatedness. Hence p is positive.
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Given that we have shown equivalence of any < with <, the choice of < or < doesn’t matter. [J

Although locales and formal covers in general need not have enough points (Warning ,
locally compact ones do. The underlying idea here is actually the one that we were unable to use in
Remark which we expressed there using compact subspaces. Here we exploit the way-below
relation < instead, but we use that on the formal cover, where the same proof in [Joh82, Theorem
VII 4.3] used the frame.

Theorem 7.12 Any continuous formal cover or locale has enough points.
Proof Recall from Proposition that we need to show that

(Vp.cEp:>pQu) = cdu,

so suppose that ¢ ¢u. Then ¢ € r = A\ ju and we require ¢ € p C r.

By Proposition r is rounded, so by Lemmathere is a <-filter s = {a | Ji. ¢; < a} with
sCr,where--- < ¢y <c1 <cg=candg; €. ThenbyLemmalCE{v | Ja € 5. K, 20} =
{v]3il.c; < ¢ Cv} C Nis a Scott-open filter. If ju € K then Jil.c; < £ C ju, so ¢; € ju by
Proposition but by construction this is not the case, so ju ¢ K.

Now, by Lemma which relies on the Axiom of Choice and applies to locales as well as
traditional topology, there is a completely coprime filter P with ju ¢ P D K.

By Proposition p ={d| jd € P} is a formal point in the sense of <, which is the same as
that of < by Lemma [7.11} and P = {v |p ( v}.

If d € p then jd € P whilst ju ¢ P and P is upper, so jd ¢ ju and d ¢ ju by Lemma [6.6]

Also, ¢y < ¢cp=ce€jce KCP,s0ce€pCr=A\ju as required. O

Corollary 7.13 Every abstract basis arises from some concrete basis on a locally compact sober
topological space. In particular,

(b=<c) AN (Vp.cep=plk) = (b=<k).

Proof Combine the Theorem with Notation [[.4] and the results of Section [ O

This completes the proof of the equivalence of categories between locally compact sober spaces
or locales and continuous functions on the one hand and bases and matrices on the other. We
defer the summary to the Conclusion and return to discussing the definition of local compactness
in Formal Topology.

Remark 7.14 Sara Negri introduced i(a) = {b | b < a} in [Neg02] Definition 4.10], where < may
be sparser than the < relation that comes from continuous lattices. This was to allow i(a) to be
a legitimate “set” in the sense of Martin-Lo6f Type Theory, in terms of which Formal Topology is
usually presented. In our notation, she required

b<{a|a=<b}, a<k = a<k and a<u = (Va.a<b=3l.a<{Cu).

The < relation in Lemma [6.17] is not permitted in MLTT because the quantification Vw is
impredicative. However, Giovanni Curi [Cur07, Section 7.3] gave a predicative formula that is
equivalent to this (maximal) <, based on an observation of Peter Aczel [Acz06] Section 4.3].

There is an extensive discussion of the proof-theoretic issues regarding formal covers in general
in [CSSV03]. Abstract bases provide a very simple example of this:

Proposition 7.15 For any abstract basis (A, C, <), the families

Ia) = {kla=<k}+{}, Cla,k) =k and C(a,}) = {b|b=<a}
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inductively generate the cover < in the sense that a < u holds iff it is provable using just the
axioms
a€u = a<u and C(a,i)du = adu,

which are called reflezivity and infinity.

Proof Any such proof is sound by transitivity because a < C'(a, ). Conversely, these axioms are
complete because we have the following deduction, using reflexivity and infinity but not transitiv-

ity:

E Vaelb3ka<kCu
waelb B Jkel(a)kCu
yaelb B o Fkel(a).Cla,k)=k<u reflexivity
,a€lb F oadu infinity
E Vaelb a<du
F CO(b,)={b <u
F bau. infinity O

Similar methods could be used to say how some more manageable sparser system might gener-
ate < in the way that we wanted in R" (Exarnple. We would need to consider how intersections
are managed. For the same issue in what we have just done, and we leave the interested reader
to use Lemmas 3.2 and 3.6 to show that if instead

Cla,k) = | J{|3d.d <K <a A K <"k}
then we obtain a localised inductive cover in the sense of [CSSV03| Definition 3.4].

Our contribution to this topic is to provide the topological motivation and the abstract ax-
iomatisation for this sparser < relation. We also regard this instead of < as primary. Indeed, the
examples that are usually given, in particular R, are already of this form.

Remark 7.16 Even for those who specifically wish to study < using Martin-Lof Type Theory, our
account and those of Negri, Aczel and Curi make a compelling case for presenting < in terms of
~< whenever the space happens to be locally compact.

If a specific formal cover is inductively generated in some more complicated way and is locally
compact in the sense of Curi then by our Propositions [7.3] and it has an abstract basis and
hence a simple inductive generation. In particular, the proof of the Curi property for the cover
also serves to show that it satisfies our definition.

On the other hand, if we wish to work with locally compact formal covers in general, is it more
convenient to assume that they are presented in our simpler way.

Therefore the more complicated definition of locally compact inductively generated formal
topologies is redundant. O

Such a presentation also makes a much clearer connection between Formal Topology and the
theory that we consider next.

Proposition 7.17 The correspondence between matrices with respect to < and < is:

[a’f‘b] & (Va’.a'«a:><a"f’b>)
(a|f|b) & Fka<k AVd ek [d]|f]b].

It would take another three or four pages to prove this, maybe in a new section.
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8 Intrinsic structure

Our fourth account of general topology exploits the topological operations that we may perform
within the category of locally compact spaces, instead of relying on the set theory of their classical
points or the algebra of their frames of open subspaces. We set out these properties here using
the notation and technology that we have already developed. Then we show in the next section
how they can be used to develop an intrinsic language for locally compact spaces.

Proposition 8.1 There is an object, called the Sierpiriski space and written ¥, that has an
open point T and a closed one 1, with the property that, for any space X, there is a bijection
amongst
(a) an open subspace U C X,
(b) a continuous function ¢ : X — ¥ and
(¢) a closed subspace C' C X,
where U = ¢~ }(T) and C = ¢~ 1(L).
Moreover, . is a topological distributive lattice, with respect to which

(c€elU) < (LeU) VvoA(Tel).

Proof Classically ¥ = {T, L} with open subspaces §), { T} and . It has a concrete basis indexed
by A= (® C e), where

Us
U,

{T}
{1} or X

{1} Ko
by K,

and the basis expansion is the formula above. Notice that we have a choice between a singleton
and a compact saturated subspace for K,, cf. the ambiguity in Definitions and The
way-below relation < for the abstract basis and the cover relation < for the formal topology are
the same as C.

The topology on X is the free frame on one generator, so frame homomorphisms from it
correspond to elements of the target frame. Hence in locale theory continuous maps X — X are
given by elements U € ) of the frame corresponding to X. Sublocales are defined by nuclei,
written j and satisfying id < j = j2 and j(U A V) = jU A jV, c¢f. Lemma In particular,
the open and closed sublocales named by U € Q are given by the nuclei U = (=) and U V (—)
respectively. If V' € Q gives rise to an isomorphic sublocale of either kind then the corresponding
nuclei are equal as endofunctions, but by applying them both to (), U and V, we deduce that
U = V. Hence the Sierpinski locale enjoys the same universal property as its classical analogue
for both open and closed sublocales, cf. [Joh82, Lemma IT 2.6]. O

Remark 8.2 The familiar Tychonov construction provides finite products in the category of
locally compact sober spaces, but the description of the abstract basis for a product is beyond the
scope this paper: see [work in progress].

Proposition 8.3 For any locally compact space X, the exponential % exists in the category.

Proof As Proposition suggests, the points of £X are the open subspaces of X itself, or the
elements of the frame QX in locale theory. A typical open subspace V C ¥¥ is a Scott-open
family of open subspaces of X, i.e. X carries the Scott topology (Proposition .

There is then a bijection that is natural in I' between continuous maps

c:I'xX —% and ¢:I — %X,
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given classically by o(v,z) = T <= z € ¢(v). This is valid exactly when X is a locally
compact space; for the long history of the ideas behind this fact see [Ish86]; the same holds for
locales [Hyl81] [Joh82 Theorem VII 4.11] and formal topology [Sig95] [Mai05] [Cur(7, appendix].
However, we are unable to give the proof of the adjunction here since we do not want to discuss
the Tychonov topology on the product I' x X.

Now let (Up, K¢) be a directed basis using Scott-open families for X (Lemma [3.4), so that

U = J{Ul ke 30U}
Then for any Scott-open family V € £X we have
VoU < . V>5U, N K;>U.
Hence ©% has a concrete basis (Vioy, L(¢)) indexed by Fin (A) and given by
Vi = Ke and Loy = {U} or {V|U CV},

where, as in Remark the parentheses on the subscripts denote formal intersections instead of
unions as in a directed basis. Also, even more than with X, we see the utility of using a singleton
{U,} C ¥ instead of a compact saturated subspace.

Since Uy and Kp essentially swap their roles, the pre-order Cxx on Fin (A) that we use for the
basis on £¥ is the opposite of Cx for X. A similar thing happens with the way-below relation,

(k=sx L) = (Lpy C V) = HeL.Vael (K, CUy) = HeL ({ <xk),

where L € Fin (Fin (A)) denotes a finite set of finite sets or list of lists.

This is a stable basis (Deﬁnition in which the empty list ) = ox provides the top element
exx for Cyx, whilst union or concatenation (Ly) in the directed basis for X is now conjunction
Msx for Cxx. The strong intersection rule holds because

(]C < nx Ll) AN (]C < nx L2) = I, € L. 3y € Ls. (61 < x k) A (62 <x k)
&k <nx (L1 Myx Lg),

where (L1 Myx Lo) = {1 Ux lo | €1 € Ly, ¢35 € Lo}. Single interpolation is

(k<sx L) = HeLl ({<xk)
= Jh.HeLl {<xh<xk) = 3h (k<gx h<gx L)

and this also gives Wilker with H = {h} <5« {¢} C L.
Using the translations in Section [7] the formal cover for the exponential £X is

(€<]EX V) = Vk(f-«xk - HhEVhKXk‘),

where V is a possibly infinite set of finite subsets of A and <x is an abstract basis that gener-
ates <x. O

Corollary 8.4 Every Scott-open filter is expressible in the manner of Lemma [3.11] as
IC:U{ICKMGS}CQ, where s={¢|K>Us} CFin(4)

is a <-filter in the directed basis (Lemma.
Proof This is the basis expansion of K > U in XX, (]
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In Section 3] we relied on the fact that the directed basis automatically satisfies the bounded-
below and rounded unions rules to say that without loss of generality we may choose the bases for
spaces to have these properties, without necessarily requiring them to be closed under unions.

That is a reasonable attitude for base types, in the sense of the next section, i.e. spaces such as
R that we introduce on their own merits. However, for type constructors the situation is different:
we want to assign bases to product and exponential types in a canonical way that makes use
of the given bases for the base types. The simple way in which the basis for the exponential
is constructed above gives us a strong preference for this over modified forms, for example the
directed basis would be indexed by lists of lists (or by lattices).

We would therefore like to know when the foregoing construction yields a basis with the rounded
union property:

Lemma 8.5 If X has a basis (4, C, <) that satisfies the strong intersection rule then the basis
for ©X satisfies the rounded union rule.

Proof By the strong intersection and Wilker rules,

(L=gx ¥) & Vbel VkelL (b=xk)
= Vbel W b=x " <X )ANVEECLVCE
= . (U=<xl") ANVEe LU %k
= W' (0" <gx l) ANVEke L. (k=<gx (")
= 36,/,. (L «EX EH/ «EX 5),

where ¢ is the union of the lists £’ for b € /.

Conversely, we can deduce I¢.a <x ¢ <x c¢,d from the rounded union rule for X with
L = {{c},{d}} and ¢ = {a}, along with single interpolation, whence Lemma gives the strong
intersection rule. O

Example 8.6 The space XV is classically the powerset P(N) with the Scott topology. This
topology is the free frame on N. It has a basis indexed by finite sets ¢ of natural numbers, where

Ugp = {u|lcucN} C P(N) and Ky = {¢} or Uy.

The basis expansion is we U <= . (L Cu) A (L€ U). O

The space X% is also an example, with A = Fin(N) and (k C £) = (k D £), of the following
class of spaces. These are the starting point for the construction of a space from an abstract basis
using the ideas of this section:

Proposition 8.7 For any preorder (A, C), the relations
a=<’¢=3baCbel and a<’"u=3balbecu

define an abstract basis satisfying the strong intersection rule and a formal cover, for which any
upper subset p C A is trivially rounded, located and positive (Definitions and . In the
corresponding locally compact sober space,

(a) the formal points are (upper, bounded) filters p C A, so

bJdacp=—=>becp, Ja.acp and a€pAbep=—dc.cepAadcl b
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(b) in particular each a € A defines a so-called compact point p = ta = {b|a C b};

(c) the specialisation order on compact points is the reverse of the usual one in domain theory:
if a C b then Ta D15

(d) the open subspaces are Scott-open sets of points;

(e) the basic open and compact subspaces are

Vo, = {p|a€ep} and L, = {ta} or L, = t1a = {p|ae€p};
(f) and the basis expansion is
peEV << da.peV, N L,CV <= da. a€p AN ta€eV.

This space is called Filt(A, ) or Idl (A, C°P) and is (the typical example of) an algebraic depo
(directed-complete partial order). O

This space allows us to give a simple categorical meaning to concrete bases:

Proposition 8.8 For any locally compact space X with a concrete basis (U,,K,) indexed by
(A,C) there are maps

i:X — Y =Filt(A,C) and I:%X¥ — %Y suchthat iz €U <= z€U
that are defined by
i = {a|zeU,} and IU = U{Va|lCa9U} = {p|3a.(Ky3U) A (a€p)}.
Conversely, any such pair (i, ) defines a concrete basis on X by
Uy =i 'V, = {z: X |aciz} and Ko = {U|{b|aCb}elIU}.

Moreover, these translations are inverse.

Proof The filteredness conditions for a concrete basis (Definition [2.6(b,c)) give those for iz
in the Proposition, so this is a point of Filt(A,C). The subspace IU is a union of basic open
subspaces. Then

i €lU = da.x €U, N Koo2U < x€U

by the basis expansion for X.

Conversely, U, is an inverse image of an open subspace, whilst IC, is Scott-open because I is
Scott-continuous. The basis expansion for X follows from that for ¥ and the equation for (i, 1)
because

iz € lU <— da.ix eV, N L, CIU

Ja. aciz A {b|aCb}elU

Ja. x €U, AN Fe.KedU A ce{b|aCb}
& daxeU, N K2 U.

relU

t o0

Finally, the definitions are inverse because

irda < x €U, and Tta€lU <— K,>U. O
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We now describe this categorical structure more formally, because it offers a way of constructing
a general locally compact space from data on Filt(A4, C).

Definition 8.9 For locally compact sober spaces X and Y, a X-split inclusion is a continuous
map i : X — Y together with a Scott-continuous map I : X — ¥¥ such that

ir€lU < ze€U or Y .-T=idgx.
The other composite, £ = I - X% : XY — XY is called a nucleus and satisfies
EUNV) =EEUANEY) and EUVV) = EEUVEY).

If nuclei & and & satisfy & - & = & = & - £ then the subspace defined by & is a X-split
subspace of that defined by £ and then we write & C &;.

Lemma 8.10 The following diagram is then an equaliser in the category of locally compact sober
spaces:

y—={Viyeevy
Y 2k
y—={V]yeV}

X

so the points of X are those y : Y that are admissible, YV € XY. y € EV «— ye V.

Proof TFor any y € Y that satisfies y € V <= y € EV = IX'V for all open V C Y, let
P={UC X |y€elU}. Then

(a) yeIX=IX=I2Y)=€8Y < y €Y, which is true;

(b) dually y ¢ I0 sincey ¢ ) C Y

() yeIUANyelV < yeIUNIV < yeIS{(IUNIV)=[(SIUNSIV)=1({UNV);
(d) dually y e IUVy €1V < yeIUUIV <= yeI(UUV); and
(

e) the family P = {U |y € IU} C X% is Scott-open because I is Scott-continuous.

Hence P is a formal point (Deﬁnition of X, so by sobriety of X there is a unique point x € X
withx e U <= yelU,butx €U <= ixe€lUsoy=ix. Thenizx €V «<— x €U =
iV <= uelU=I"V)=EV < y eV, soy=ix by sobriety of Y. O

We can describe the same structure using locales instead of Point—Set Topology:

Lemma 8.11 The trivial formal cover in Proposition generates the Alexandrov topology
D(A,C) on (A,L), consisting of its lower subsets.

Proof In Proposition [7.8] u = ju for this cover iff u is lower. O

To make a closer connection with the previous version, we may regard D(A,C) as the lattice
of open sets of compact points (Proposition (b)) and Filt(A,C) as its sobrification.

Proposition 8.12 Let  be a frame with concrete basis (U,,Cy). Then there are maps i* :
D(A) - Q and ix, I : Q — D(A), where i* is a frame homomorphism, i, preserves arbitrary meets
and [ is Scott continuous. These satisfy the equations

¥ 1, = -1 = idg Ie 8" = j and I1-i* = €&,
where

ju = {a|a<u} and Eu = {a|FH.a=<lCu}
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are localic- and ASD-nuclei respectively.

Proof We already know all of this structure apart from I and €. In particular, i* is the inverse
image operation for the inclusion ¢ : X — Filt(A4,C) in Proposition which also defined, for
u € Q (sou=ju),
Iu = {a|Kedu} = {a|3k.a <k Cu},
by Lemmal[7.9] By the first part of Proposition[7.8] if u = ju then Iu C u, so i*Iu C i*u = ju = u.
Conversely, if a € u = ju then, using Lemma [6.17]

a <4 {b|b=a} = Ij{a} C Iju = Iu,

so u < Ju and then ¢* - I = idg.

The maps I and & = I - ¢* are Scott-continuous because of their definition using the Scott-
open families ;. Also, j and & inherit the equations for the two kinds of nuclei from the frame
homomorphism 7*. O

Corollary 8.13 Any continuous frame (2 is related in the same way to D(Q2) by

i*uz\/u, isa = La = {b|b<a} and la = [a = {b|b< a}. O

Whilst the two kinds of nuclei satisfy different equations, they play the same role in their
respective subjects, namely to define subspaces.
Then every ASD nucleus splits in this way:

Theorem 8.14 Let £ be a Scott-continuous endofunction of continuous frame Q (for a locale )
such that
EUANV) = EEUANEY) and EUVV) = EEUVEY).

Then there is a ¥-split sublocale i : X ~ Y with X locally compact and £ = I - %! If Y =
Filt(A,C) then X is given by the formal cover defined by

a<du = €EB,<EB,

and has a concrete basis. These are unique up to unique isomorphism.

Proof From either equation, £ is an idempotent on €. Splitting it, we write ¢* for the epi part
because the equations make this a frame homomorphism, with a right adjoint i* 4 7,. Then i* - i,
is also the identity on the smaller lattice, whilst the composite j = i, -¢* is a localic nucleus, so the
splitting is a frame that defines a sublocale 7 : X »— Y. Neither ¢, nor j need be Scott continuous,
but € and hence I are, so the smaller frame is a continuous lattice and X is locally compact. The
cover relation is

adu = a€ju = {a} Ci(i"u)

< i*{a} Ci'u <= I(i*{a}) C I(i*u)
= €&B,<&B,. (]

Notice in this proof that we pass irreversibly from using I to i,. This is where we lose the
track of the chosen Scott-open family K, and are just left with 1 U, defined by the order on the
frame, cf. Corollary

Remark 8.15 We have essentially given the proof that the contravariant self-adjunction ()
(=) on the category of locally compact locales is monadic.

42



In particular, re-interpreting the diagram in Lemma|8.10jusing locales, it is an equaliser because
it is a “U-split coequaliser” of frames, where U is the forgetful functor to Set or Dcpo. We leave
the reader to prove this, with the help of any account of the Eilenberg-Moore category for a
monad, such as [Tay99, Section 7.5].

The idea of Abstract Stone Duality that gave it its name was to take this as the defining
property of an abstract category and develop a symbolic calculus for general topology from that
[B]. The equation for a nucleus was expressed there using the A-calculus, but [G] showed that this
is equivalent to our lattice-theoretic form. In this calculus the (somewhat unwieldy) notion of
nucleus therefore provided the definition (formation rule) for types.

In the next section we shall develop the ideas that we have discussed into a intrinsic language
for locally compact spaces, taking types to be specified by abstract bases. Then in Section [10| we
will show that any abstract basis defines a nucleus.

9 Abstract Stone Duality

We now introduce a notation based on the simply typed \-calculus that is designed to take
advantage of the topological facts about the categories of locally compact spaces that we stated
in the previous section. Describing such calculi and their equivalence with other mathematical
structures takes a lot of space, so we do this rather tersely. For more extensive introductions
that show the relationship with real analysis please see [J], with domain theory see |[I]| and with
mathematical foundations see |[O]. In the following account we rely on our earlier treatment of
locally compact spaces in Point—-Set Topology, Locale Theory and Formal Topology, but in [work
in progress| we shall construct a model of ASD directly from abstract bases and matrices over an
arithmetic universe.

Remark 9.1 We shall take a type in ASD to be specified by an abstract basis (4, C, <) and its
interpretation or denotation is a locally compact space together with a concrete basis. If this
subject is new to you then you should just regard the type as the space. On the other hand, using
abstract bases as the definition is an innovation of this paper in the ASD programme: previous
work specified types as nuclei (Definition , so in the next section we will prove that these are
equivalent.

Remark 9.2 As usual in modern symbolic logic, we write

r1:X1, ...,z Xy F t:Y
for a term t of type Y, possibly containing (at most) free variables 1, ..., x, respectively of types
X1,...,X,. How terms are formed and manipulated remains to be defined, but the interpreta-

tion or denotation of t is a continuous function

[¢]: [Xa] > - > [Xe] — YT,
where [X1], ..., [Xk], [Y] are locally compact spaces that have been chosen as the denotations of
the types X1,...,X,,Y. The validity of processes such as substitution depends on having finite
products in the category. We shall omit the brackets because we do not really need to distinguish
between (syntactic) terms and their (topological) denotations in this paper.

Remark 9.3 Sets and lists or (Kuratowski-) finite subsets, with induction over them.

Remark 9.4 Very brief introduction to the restricted A-calculus to exploit the exponential %%
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from Proposition Give the 8- and n-rules; also A-abstraction preserves =, < and =-.

Remark 9.5 The other topological facts in the previous section may be taken as symbolic oper-

ations and equations:

(a) the types ¥ and X% are distributive lattices and we may use T, 1, A and V on their terms,
because of Proposition (8.1}

(b) equality n = m between members of a set such as N is a term of type ¥ because the diagonal
subspace N — N x N is open;

(¢) combining these operations with induction over a list, we have membership (a € ¢) and both
forms of quantification over a list or (Kuratowski-) finite subset (Va € £. ¢a and Ja € L. ¢a) as
terms of type X;

(d) the Phan| principle

Fo < F1L Vo ANFT

holds for any ¢ : & and F : £, also because of Proposition
(e) existential quantification 3n. ¢n of any system of X-terms indexed by a set gives another
Y-term, since the union of a family of open subspaces is open;

(f) the Scott principle
F¢ < . (Vnel.&n) N F(dnn €l)

holds for any ¢ : ¥N and F : ZZN7 because of Example and

(g) in fact the Scott principle holds for any set N (qud discrete space) in place of N and the case
N =1 is the Phoa principle.

Remark 9.6 From the Phoa principle we deduce that

(a) if 0 = 7 then Fo = F'r;

(b) more generally, any F': ©¥ — %X preserves the lattice order, which we therefore call intrinsic
and write as <;

(¢) the symbols —, = and < are therefore not allowed within terms of type 3, but we use = and
< instead of < and = for the order and equality between such terms and —o for o < 1;

(d) f FT=GT theno AFo < o AN(FLVFT)=0AFT =0AGT = Go; and

(e) similarly if F1 = GL then Fo = Go V0.
The last two observations may be formulated as the following two fundamental rules for topological
reasoning, where the terms «, 5 : ¥ may depend on o : X (so « = Fo and § = Go) and the variables
in I":
INeeT F a=p q lNeel F a=p
an
' v ocha=2§ r v a=pfVo

The top lines say that @ =  holds in the subspace U or C of " on which ¢ < T or L. Then
the rules allow us to deduce the more complex implications in the whole space. We call these
principles after Gerhard Gentzen because of the loose resemblance to his rules for implication
and negation in the sequent calculus [Gen3bl, Section III].

The rule on the left is used very commonly and is easily overlooked, so for illustration we spell
out its use in the proof of Lemma The one on the right, on the other hand, may be surprising
to an intuitionistic set theorist, but is a theorem of intuitionistic locale theory.

Lemma 9.7 Let G : =", ¢ : ©X and ay : ¥ for £ € Fin (N) be such that

O = Qe <= Pr, o < T and apy < o Aay.

1 After Wesley Phoa, whose name is of southeast Asian origin and is pronounced a little like French poire.
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Then G(Hé P N ag) ~— L. (Gd)g) N Qy.

Proof Let §=An.aq,;, so o <= Vnel.{n, and

F = )\C.G(EIE.(W A Vnef.(n).

Then FAn.ne€k) < G(3.¢¢ N ({ Ck)) < Goy,
SO H.(Vnel.én) N Fon.nel) < FH.ay N Goy,
which is equal by Remark [9.5(f)|to  F¢ <= G (3. ¢¢ A oy), as required. O

Definition 9.8 Turning to the topological interpretation of this calculus,

(a) terms of type X are formal points;

(b) terms of type XX are formal open subspaces;

(c) such terms are also used to describe the complementary closed subspaces, c¢f. Proposition

(d) terms of type Y= are interpreted as Scott-open families of open subspaces, of which we have
made substantial use in this paper;

(e) in particular, a formal compact subspace of X (cf. Proposition and Deﬁnition is

a term
K:¥®  suchthat KT < T and K(pA) — KoAKy,

where ¢ and 1) are terms of type ©% that denote open subspaces U,V C X;

(f) because of the Phoa principle (or the negation-like Gentzen rule, Remark [9.6(e)]), any formal
compact subspace also satisfies the so-called dual Frobenius law,

K(M\x.oVox) <= o V Ko,

so long as ¢ does not depend on x. This rule, which was essentially first observed by Japie

Vermeulen for proper maps [Ver94], is valid in intuitionistic locale theory and formal topology,

because, by Proposition the logic is one of closed subspaces as well as of open ones.

See [J] for the treatment of discrete and Hausdorff spaces in this formalism, along with further
discussion of compact subspaces and the way in which we may use K as a universal quantifier.
Beware, however, that formal compact subspaces are not necessarily representable as spaces or
types in our calculus, because not all compact subspaces of a locally compact space are locally
compact.

The logic also admits existential quantifiers, in particular over N and more generally over any
set qud discrete space. More generally, the class of spaces over which this quantifier may range is
a constructively subtle issue, to which we return in Section

We can now use this A-notation to rewrite the fundamental definition of this paper. We now
use terms ¢, 3, : ¥ in place of open subspaces and K : Y= for compact ones or Scott-open

families, the distinction between these being whether or not K preserves intersections. Then we
have:

Definition 9.9 A concrete basis using \-terms consists of
(a) for each a € A, terms 3, : X and K, : IR

(b) if @ C b then B2 = By and Ky = K, ¢;

(¢) Bax A Bpr < Jc. fex A (a E ¢ ID); and

(d) ¢x <= Fa. Baz N Ky9.
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Proposition 9.10 Any concrete basis (8., K,) using A-terms gives rise to an abstract basis
(A,C, <), where
(CL < f) = K., = K, (Hb el ﬁb)

If the K, preserve meets, so they are formal compact subspaces, then < obeys the strong inter-
section rule.

Proof Co- and contravariance of < follow from that of 5, and A, respectively. For the Wilker
rule we use the basis expansion of 3., switch to a directed basis and then apply K,:

B = dcek.f. = Fcek.Tb. By N ApfSe
= 3b.By, AN dc€ k. ApfSe
= .0y ANVbel dcek. ApS..

Hence a<k = A < WAL NVbeL Jcek. ApB.
= a<l<'Ek

by Lemma For the weak intersection rule, the directed basis expansion of 8, gives
Be = 3.0y N ABe = Tk B ANYOEK ApBe = Br N (E=<Y).
Hence, using f. A Bq = Je. Be A (¢ D e E d) in the equality,
B N (k=<b) N (k=<tly) < By AP, = 3hBy ANhCl M
and therefore, by Lemma [9.7] again,
KB N (k=<t1) AN (k=<{y) = Fh. K,Bn N h T 4N,

The strong case is similar but simpler. O

In future work, we intend the ASD calculus to use the following rules to define general types
and their terms.

Definition 9.11 The formation rule for a type X in ASD takes an abstract basis (4, C, <).
This yields not only the type itself but also a ¥-split inclusion i : X — X4 with T : £X — =
and a concrete basis B, : ¥ and K, »=t,

Definition 9.12 The introduction rule for terms of the type X specified by (A,C, <) takes a
covariant, rounded, bounded filter ¢ : ¥4 and defines a term z : X with iz = £ or B,z = &a.

Two such terms are equal in X iff they are equal in 34.

Conversely, the elimination rules recover £ =iz : ¥4 and its properties from a term z : X.

Definition 9.13 The elimination rule for x : X also gives an introduction rule that turns a
term ® : ¥ into ¢ =YD : 3X by ¢ = O = O(ix).

Conversely, the elimination rule turns ¢ : ¥ into ® = I¢ : »=t by ®¢ = da. a N K, 0,
using the dual basis (K,).

Two such terms ® and ¥ are equal in XX if £ = £V,

We need to justify these rules with respect to the previous ASD literature, which we do in the
next section.

We could also show that morphisms in ASD, i.e. terms x : X -t :Y, correspond bijectively to
matrices.
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10 Abstract bases and nuclei

In Remark[7.16 we argued that abstract bases are equivalent to but easier to use than the definition
of a locally compact Formal Topology that is found in the existing literature on that subject. Here
we do the same thing for Abstract Stone Duality, where nuclei (Definition provided the earlier
definition.

Following Proposition we must therefore first introduce Filt(A,C) as an object in ASD.
We do this by defining a nucleus £% on £4 and identifying the admissible terms. The following
account is a much simplified version of the one in |[G].

Lemma 10.1 The term £° defined by £°®¢ = Ja. &a A ®(A\b. a C b) is a nucleus.

Proof We spell out this simple argument in detail because it illustrates the Gentzen rule (Re-
mark [9.6(d))), whilst any ® : ¥4 — ¥ preserves the intrinsic order (Remark .

aCb bCc F alc transitivity
alCb F bCec = alc Gentzen
alb F X.bCec < Xe.ale A-abstraction
alb F ®(Ac.bCc) = P(Ac.aC o) intrinsic monotonicity
F (@aCb) A ®(A.bCc) = P(Ac.alc) Gentzen
Fo3b.(MN.aCTb)b A &(Ae.bC ) = P(Ac.a C¢), 3

where the last line is in fact < because we may put b = a. Hence E°®(\b. a C b) < ®(\b. a C b).
Then, with either A or Vv,

(&% I %) = 3a.fa A (%0 Z E9T)(Ab. a C b)

& Ja.fa A (D Z T)(Mb.aTb) = %D Z D)E. O

Next we verify that £° defines the object that we want by proving that a term & : ¥4 is a filter
iff it is admissible for £° in the sense of Lemma satisfying £9®¢ = ®¢ for all . Note that
such a term £ may have parameters, so these points are “generalised” ones in the sense of sheaf
theory; they are test maps to an equaliser from a general object.

Lemma 10.2 If £ : ¥4 is admissible for £° then it is covariant, bounded and filtered.

Proof We use admissibility with respect to various ®. For covariance, let & = A(. (a, so
fa = O = E°®¢ = Tb.£b A (BT a).
Then, for filteredness, let ® = A(. (b A (c, so
EbNéc = B¢ = D¢ <= Fa.fa A (bJaL o).
Finally, ® = (. T gives boundedness: T = ®¢ < £°0¢ < Ja. &a. O

Lemma 10.3 If ¢ is covariant then £°®¢ = OE.

Proof Asin Lemma we may write covariance as &b F (Ac.bCc¢) < &
Since any ® preserves the intrinsic order <, we have &b F ®(Ac. b C ¢) = €.
Using the Gentzen rule we deduce that &b A ®(Ae. b C ¢) = BE. O
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The converse uses the Scott principle, Remark

Lemma 10.4 If ¢ is bounded and filtered then ®¢ = £0®¢.

Proof By Scott continuity, ®£ <= 3. (Vb e £.£b) N D(Ab.b € 4).
By induction on ¢, we claim that

Jde.&e A Vb e L. (cCb).

In the base case ¢ = o, this is boundedness of £, whilst filteredness of £ gives the induction step.
Then (Ab.b € £) < (Ab.c C b), so ®(A\b.b € ) = ®(Ab. ¢ C b) since ® preserves the intrinsic
order. Hence Jc. £¢ A ®(Ab. ¢ C b), which is £90¢. O

Lemma 10.5 The object Filt(A,C) that is defined by the nucleus £ on ¥4 has a basis using
A-terms with
B, = ). €a and Lo = A0 P(Ab.a Cb),

where the general open subspaces are those ® : =" such that ® = £9® and the basis expansion
is

B¢ = E°B¢ = Ja. Bob A Lo® = 3a.€a A B(Ab.a T b). 0
Next we prove the analogue of Theorem in ASD.

Proposition 10.6 Any concrete basis (8,, K,) for X using A-terms defines a Y-split inclusion
1: X =Y =Filt(A,C) by

ir = Aa. fax and Ip = A Fa. Koo A Ea.
Conversely, given such an inclusion, the basis is
Ba = Az.iza and K, = M. I¢p(Ab.a 2 D)

and these translations are inverse.

Proof The basis gives a ¥-splitting because
(Ip)(iz) = Ja. Kop N Pox <= ou.
Conversely, the 2-splitting yields a basis because

¢r < I¢(iz) = Ja. B,(ix) AN Lo(I9)
= Ja.iza A Ip(Ab.a £ b) = Fa. Baxz A K0

These translations are inverse because iza <= [,z and K,¢p <= I¢(\b.a C b) and we
can recover 1¢¢ from the latter. O

Corollary 10.7 Any concrete basis gives rise to a nucleus on Filt(A, C) with

EPE = FJal €a N (a<¥l) ANYbel.P(Ae.b L c).
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Proof Let ® be an open subspace of Filt(4,C), so ® = £°®, then

Yo = Az ®(iz) = Ix. D(\b. Bypx)
= . E2B(\b. Byx)
= Az.3b. (N Byz)b A ®(Ae. b Cc) Lemma [[0.1]
= 3b.6, N P(Ac.bE¢)
= 3B AVbeEL D(Ne.bC ¢)

K, (2®) & 3.K.Br A Vbel.d(Ae.bE c) Lemma [0.7
EDE = I(Z'®)¢ = Fa.fa N K (X'D) Prop [10.6]

& Jalla N a<l ANVbel. D(Ac.bC ¢).

The equations for a nucleus follow from the fact that £ = I - ¥%. O

Now we show that any abstract basis defines a nucleus too.
Lemma 10.8 Given any co- and contravariant relation <, let

Ke® = . (a<l) ANVbel P(Ac.DE ¢)
and EPE = Fa. B N K@ = Fal.€a A (a<l) ANVbe L. P(Ae. DE ¢).
Then we recover
Ko® < ED(Nb.a Cb) and (a < {) < K,By < EBi(M\b.a ).

Also, & satisfies £ = £°- £ = & - £% and is recovered from <.
Proof By covariance of a < ¢ in ¢,

KaBy = 3k.(a<k) AVbek IcelbCc «— (a<1).

Contravariance of ¢ < /£ in a transfers to K,; using this, IC, is recovered from £. We leave the last
part to the reader since we will not use it. O

Now we must use the properties of an abstract basis to prove that £ satisfies the two equations
in Definition However, since any term preserves the intrinsic order, we already have

E@AT) < (EB)A(ET) and  (EB)V (ET) < (B VD),

so we need to prove the reverse inequalities. The weak intersection rule gives the first and the
Wilker rule the second.

Lemma 10.9 If < satisfies the weak intersection rule
(a=<l) ANVbel . (b<kiANb=<ky) = a—< ki Mky,

then Ko (EPAETY) = K (PAT) andso E(EPAET) < E(PAV).
Proof Using the formulae for I, in Lemma three times,

Ka(EDAETD)
& . (a=<l) ANVDel.EP(ANc.bTc) N E¥(Ac.b T ¢)

k. (b =< /{51) A Ve, € k. (I)()\d c d)

3¢. 14 bel.
o (a=<t) ANVbe {A Jka. (b < k2) A Veo € ko W(Ad. c2 T d).
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Taking the unions of the k-lists for all b € ¢ and using covariance of < with respect to k, this
implies
. (a<l) N (Vbelb<ki Nb=<kg)
Jk1ks. A Vey € k. P(Ad.c; Cd)
AN Vo € ko \II(Ad co C d)

By the weak intersection rule, the top line implies a < k; M ko, which is
3. (a=<l) ANVbel. (Fey €k1.bE 1) A (3ea € ka. b C c),
possibly with a different list #. Then we match 3¢ with Ve and use
bCc¢) AN ®(Md.cCd) = P(Nd.bCd)

from Lemma [I0.1] the fact that ® preserves the intrinsic order, the Gentzen rule and Lemma [T0.§]
to obtain
W (@< ) AVbel BNV d) A UALOT d) = Ko(® A D).

Hence we have shown that K (EP AETV) = K,(P AT). Then by Lemma

E@AT)E = Fa.a N Ko (PAD)
= Ja.fa N K (EPANET) = E(EDPNETD). O

We leave the following similar but simpler results to the reader:

Lemma 10.10
(a) If € satisfies E(EP A EP) < E(P A ) then < obeys the weak intersection rule;

(b) €& < &€ iff < is transitive; and
(¢) & preserves meets iff < satisfies the strong intersection rule. O

In the Wilker rule it is convenient to consider existential quantification instead of binary
disjunction:

Lemma 10.11 If < satisfies the Wilker rule
a<k = I (a<l) ANVbel.Icek. (b<c),

then Ko(3i.®;) = Ko(3i.€D;)  andso  E(Ji. ;) < £(Fi. £Dy)

and in particular £ < € - €.

Proof Using Lemma several times, the Wilker rule in the second line and h = {c} half-way
down,

Ko(Gi.®;) = Jk.(a<k) A Veek 3 &;(\d.cCd)
= 3kl (a=<0) AN (Vbel.Icek.b=<c)

A (Ve € k. Fi. ®;(Ad. c T d))
H.(a=<¥l) ANVbel.Fei.(b=<c) AN Pi(Ad.cCd)
3. (a <€) N Vbe L Fi

3. (b= h) A Ve € h. ®;(Ad. cC d)
= . (a=<0) AVbel i b, bC c)
K.(3i. £®,).

oy
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Then E&(Fi. ®;)¢ = Fa. La AKy(Fi. ;) = Fa. €a AKy(Fi. EQ;) = E(Ti. £D,)E. O

This completes the proof that £ is a nucleus, so we can split it to define a locally compact
locale by Theorem [8:14] We would also like to compare this construction with the one via Formal
Topology, the logic of which we use for the following result:

Lemma 10.12 For the nucleus £, with B, ¢ = Jc € u. £b, we have

EB <= dal.ta N a <Ll Cu,

and so (EBy <E€By) <= (NVa.a<b=3F.a <l Cu).
Proof EB.E & Jal.ga A a<l AVbeL By(he.bTc)
& dal.fa N a<l ANVbel . Jceu. bl c
& Fall . ba N a< LTl Cu
& Jal'.fa A a <l Cu.
Hence EB,<EB, & VYa. (éa N a=<b = Fd'l.&d N d <0 Cu)

< Va. (a<b = FH.a<lCu),

where < in the last line is easy and we obtain = by putting £ = \a’.a C d’. O

Theorem 10.13 Every abstract basis defines a locally compact formal cover, locale, sober space
and object in Abstract Stone Duality. Hence the formation rule for an ASD type X in Defini-
tion and the elimination rule for £¥ in Definition are justified.

Proof Having verified the equations for a nucleus we may invoke Theorem in which the
formal cover agrees with that in Section []] On the other hand, a nucleus directly justifies the
introduction of an object in ASD according to its previous literature [B] |[G]. This object is a
3-split subspace of Filt(A, C) and carries a concrete basis using the A-terms

B, = X. el &b and K, = AP.EP(Ab.a T b),
and the way-below relation is K,B; <= (a < () by Lemmall0.8 O

Warning 10.14 If you want to define a new space from (A4, C, <), where a < ¢ = A, [, for some
terms, it is advisable to check the Wilker and intersection rules explicitly and not assume that
they will follow automatically, cf. Theorem [12:10]

Now that we have established the equivalence between abstract bases and nuclei we turn to

that between their respective notions of formal point, in Definition 5.1 and Lemma [8.10]

Lemma 10.15 If £ is admissible then it is rounded, ¢c <= Ja.&a A (a < c).
Conversely, if ¢ is rounded then £°0¢ = £®¢ for any P.

Proof Consider ® = A\({. (¢ and use covariance for ¢ C {c}.

fe = BF = EBE def ®
= dal.éa N (a=<0l) ANVbel.(\.DC)e Lemma [T0.§]
& da.fa N H.a=<LlCec Notation [[L12]
< Ja.€aN(a<c). covariance for ¢ C {c}

E°%¢ = 3b.&b A P(N\e.DE ) Lemma [[0.1]
< Jab.&a A (a=<b) A D(Ae. b ) rounded
= Cld¢ = £,
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where the intermediate term  E'®¢ = Jab. £a A (a < b) A P(Ae. b C ¢)  will become relevant in
Example O
Lemma 10.16 If £ is admissible then it is located,

a N (a=<¥0) = Fb.6b A (be).

Conversely, if ¢ is located then £®¢ = £°0¢ for any .
In particular, if a is empty (a < o) then {a < L.

Proof Consider ® = A{. 3b € . (b. Then with k = ¢ and b = d,
éa AN (<€) = Fak.éa AN (a<k) ANVdek.Fbel.dTDH

= £B¢ = B¢ = Tbel th def &, ®
EPE = dal.laN(a<OAYbeLl. P(Ac. DT ) def £
= JELA(bE ) AV € l.D(Ne. b C ) located
= 3b.&b A P(Ae.bT ) = E%0¢. Lemma [0 O

Lemma 10.17 If £ is admissible then it is covariant, &a A (a Cb) = &b.

Proof We need to be careful because the verbatim proof of Lemma [10.2] gave roundedness
instead. For a € A, let &, = A\(. Ca, so by Lemma [10.8

EDPE < Tel.ée N (e= L) ANVdel.dT a.
Then, for admissible &, since C is transitive we have
aCb F fa = 0,8 < EPf = EDE — D¢ < &b
and the stated result follows from the Gentzen rule. ]
Lemma 10.18 If £ is admissible then it is bounded and filtered,
Jda. &a and &b AN e = FJa.€a N (bJdaLC o).

Proof The proof of boundedness is the same as in Lemma but that for filteredness uses
the roundedness property above. With ® = A(. (b A (c as before,

Eb AN & = PE — EDE
= £%¢ = Ja.fa AN P(M\d.aCd) = Ja.éa A (bDaCec). O

Proposition 10.19 A term ¢ : X4 is admissible for &£ iff it is rounded, bounded, covariant,
filtered and located for <. Hence the introduction and elimination rules for terms of type X and
the introduction rule for ©¥ in Definitions and are justified.

bounded & filtered
" 0¢

3

-

covariant

admissible rounded

EPE ELpe




Proof The preceding lemmas deduce the other properties from admissibility. Conversely, if £
is rounded and located then £°®¢ < £®E by Lemmas [10.15] and [10.16] whilst if it is bounded,
covariant and filtered then £°®¢ < ®¢ by Lemmas [10.3| and [10.4} O

This completes the proof of the soundness and completeness of the axioms for a abstract basis
as an account of concrete bases for locally compact sober spaces, locales, formal topologies and
objects of ASD.

11 Bases using compact subspaces

We began this paper with a natural definition of basis that uses compact subspaces, but in most
of our discussion we have used Scott-open families instead, at the cost of a weaker rule for in-
tersections. In this section we use Lawson’s Lemma [3.10| and the axiom of Dependent Choice to
convert the weaker forms to the stronger ones. We consider the result for abstract bases in detail
first and the concrete one afterwards.

Notation 11.1 Let (A,C, <) be an abstract basis that satisfies the single interpolation rule.
A Lawson sequence d is one of the form

Ao < -+ < as < a1 < ag, that is, Vi < 00. 000 < a; N Qjy1 < ag,

and we let A be the set of such sequences. We write 7 for a list or finite subset of A (not a sequence
of unrelated lists) and (o for the list {bso | b € £}. Then we define

a«[za«&o 5«k53i<oo.bi<<k‘
and <l = E|i<oo.ai«€(>o£3i<oo.ai4<£7£ ad~< ls.
As in Lemma @Cb isgivenby (@—<b) VvV (@=0).

Lemma 11.2 Lawson sequences may be interpolated between individual basis elements and be-
tween lists of them:

a<k < Fa<b=<k and k=<'l — I k=<'h=<'L
Proof By repeated single interpolation, as in Lemma |3.10] given a < k there are
@ <boo <---<by by <by <k,

S0 @ < bo and Ji < 00. b; < k, and conversely. Since (k <! ¢) =Vb € k. 3¢ € £. b < c, the second
part iterates the first over the list k. O

Lemma 11.3 Transitivity, single interpolation and boundedness hold:

S
ST
A
=l

i<k=<l = @<l = FB.a<b=<{ and b
Proof By interpolation, using the previous result,

G<k=<0 = Fiia;<keo AVbeLl ) by <bj < Lo
Fioa; < koo < log = <0
di. Qi1 < a; <l

4

a=<l

= 3bi. ajy1 <b<a; <l = Fb. G<b=< Tl
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and for any @, interpolate ag < a1 < b < ag, so that @ < b. (]

Lemma 11.4 The Wilker and strong intersection rules hold in the form
(@< k) A (@<0) = 3Fn(@<h=<"k) A (h=<'D).

Proof We use the greater of 7 and j, the weak intersection and Wilker rules in A (cf. Lemma
and the list form of Lawson interpolation:

(@<k) A @<l = (Fi<oo a; <ke) A (Fj <00 a; < Lloo)

Fi < 00. aip1 < a; < koo, oo

Ji < o00. K. a1 < B <MW C koo, oo

WK h. @< b <" h <" B C ke, loo

Jh. G<h=<"k A h=<'L O

N

Lemma 11.5 If the given basis (4, C, <) is bounded below, has rounded unions is positive or
prime then A has the same property.
Proof Given @, we have ¢ < as since A is bounded below and then ¢ < b < Goo, SO b<a.
Similarly, if l_;, ¢ =< d then b; < ax and ¢; < oo, 50 there are d and € with b; < d < € < a
and ¢; < b. Hence g,é’« €< d.
For positivity, @ < ¢ <= Ji.a; < o.
For primality, a<0 = Jia <Vl = Jib.a; X belyy, = 35.6«56[,
where b € £ is the member for which boo = b € l. O

Theorem 11.6 Any abstract basis that satisfies the single interpolation rule is isomorphic to one
that also satisfies boundedness above and the strong intersection rule, by

<a’f|g>za<g and <5|g|a>£5<<a.

Proof Lemmal|3.6|provides C for the new basis, all of the properties of which we have proved. We
may show that these matrices have the required properties and are inverse by similar methods. In
particular, they are both uniformly bounded, <a | f ‘ b > is uniformly weakly filtered and <5 ‘ g ‘ a>
is strongly but non-uniformly filtered. O

Notation 11.7 Now let (U,, KC,) be a concrete basis for a space X using Scott-open families that
is indexed by (A,C, <). We define an A-indexed basis for the same space by

Uz = U, and Kz = U{’Cai

i < 00}
Lemma 11.8 These have the variance properties and agree with the way-below relation.
Proof By Lemma ifd<b = 3. (oo < A < boo then Uz =U,  C Uy, =U; and

@=<b = 3i.Vj.a; <bo <b; = Vj < oo i< o0 Ka DK,

50 Ka=|J{Ka, |i< oo} > [ J{Ks, | < o0} =K;5.

Also KioU;y &= Fi<00.Ky, 2Up, = Fi<00.a; Xl =

Qy
A
Sy
O
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Lemma 11.9 The filter property for concrete bases is satisfied.

Proof IfxecUz=U,_ andz € Ui = Uy, then there is some ¢ with z € U, and aeo 3 ¢ E beo.-
By the basis expansion of U, and Lemma there are e < d < ¢ with z € UoCUy, =U;z;CU,,
sodd JE b, O

Lemma 11.10 The basis expansion is satisfied.

Proof We use the basis expansion in A twice and then interpolate b < @ < c:

relU = db.zelU, N KpdU

= dbcxeU, N KpydU. N KcdU

= 3d.2 €U, A Koo DKz= |JKa, DKoy 2U

= da.xeUz N Kzg>U i<oo

= daxecU, ANK, 33U

= dbzxecU, N K 2U = z€U. O

Theorem 11.11 Every locally compact sober topological space has a basis using compact sub-
spaces.

Proof We have constructed an abstract basis that satisfies the strong intersection rule and a
concrete one whose Scott-open families are filters by Lemma Hence these are the neighbour-
hood filters of compact subspaces by Proposition O

Remark 11.12 The other parts of the theory of abstract bases per se can be carried out in a
world that has nothing more powerful than the ability to manipulate the type of all finite subsets
or lists. This setting is called an arithmetic universe.

How can we accommodate Lawson sequences into this view?

In fact, we do not need them in general, just the ability to interpolate such a sequence given its
endpoints (as =< ag). Classically, we use the interpolation property and the axiom of Dependent
Choice to do this. However, if we are not going to remember our choices, we need some way of
ensuring that we recover the same result if we repeat the selection process.

In the free arithmetic universe, the subobjects are recursively enumerable. Therefore, by
imposing a fixed way of scheduling parallel computations, we have a deterministic way of selecting
an element of any inhabited subobject.

The reason for using the formulation of abstract bases without C here (Lemma is that we
cannot expect this choice to respect C. (Ideally, given as < a@; and boe < b; with as T b and
a; < b;, we would like to chose interpolants such that a;11 < b; 41 too.)

This means that, instead of working with “the whole” infinite sequence ao, < -+ a2 < a1 < ao,
we may regard it as being encoded by its endpoints (ao, < ap) along with as many iterates as we
require of an interpolation operator p that takes ao, < @; to @ < @;41. Then we define

a < (boo <by) = a < bso and (boo < by) < a = Fi. ' (boo < bg) < a,

the latter being understood as ¢ < a where p®(boe < by) = (bso < ¢). After Lemma above,
we need no further analysis than this of the meaning of the sequence a.

Therefore Theorem [11.6]is valid in any arithmetic universe that has such a deterministic choice
operation on inhabited subobjects, in particular in the free one. O

Presumably this is also valid in Martin-Léf Type Theory.
Is there a counterexample in a locale in a topos without Dependent Choice?
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This completes the proof, which we began in Section |3 that abstract bases may be taken to
satisfy all of the additional “convenient” properties in Definitions and as well as the
primary ones in Definition [1.8] The benefit of assuming all of the roundedness rules is this:

Lemma 11.13 Let (A,C, <) be a basis with these roundedness properties and ¢(a) be a for-
mula built from a free variable a : A, the way-below relation <, the connectives A and V and
quantification over lists. Then ¢ is rounded in a:

dla) = Ja"at.(a” <a=<a") A Vb (am <b=<a")= ¢(b). O

We now turn from the general theory to some important special cases.

12 Overt spaces

Overtness has arisen independently under various names in several constructive disciplines: located
subspaces in Constructive Analysis, open locales, positivity in Formal Topology and liveness in
Process Algebra. It is often said to be invisible classically, but the ideas that we need in this
section were actually introduced in Section |5l when we tried to construct a traditional topological
space directly from an abstract basis.

It is easiest to give the initial definition of this concept using Abstract Stone Duality, but we
then characterise it using abstract bases and formal covers and work with these. Finally we prove
a Theorem that links Topology to Computability.

Topologically, overtness is the lattice dual of compactness, the latter being related to the
universal quantifier. For example, whereas a compact subspace of a Hausdorff space is closed, so
an overt subspace of a discrete space is open. Similarly, an open subspace or direct image of an
overt subspace is again overt. These ideas are explored in the context of real analysis in [J].

Definition 12.1 A space X is overt if it has a term Jx : X — 3 that obeys the rules for

existential quantification:
., X B ¢pr=0

F dr.gx =0

In classical topology, where the Sierpinski space ¥ just has the two points T and L, we just
have 3xU = (U # () in any space. However, it is actually the points rather than Excluded

Middle that make overtness trivial (Remark .

Overt locales were first studied by André Joyal, Miles Tierney [JT84] and Peter Johnstone
[Joh&84], who called them open because for them !x : X — 1 is an open map, i.e. there is a left
adjoint Ix - !% satisfying the Frobenius law below. The name needed to be changed because
overt subspaces are often closed.

Lemma 12.2 A space X is overt iff there is a term ¢ : X — ¥ that satisfies
OL < 1  and z:X,¢:2% F gz = O0o.
Then ¢ = dx and this also preserves joins and satisfies the Frobenius law
O(eNd) <= o A Q¢

for any o : ¥ and ¢ : ¥, ¢f. Remark
Proof These are consequences of the Phoa Principle (Remark and the adjunction Ix - !%.
See |[J] for discussion. O
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Definition 12.3 More generally,

(a) an overt subspace of a (not necessarily overt) space X is by definition any operator ¢ :
X — ¥ that preserves joins;

(b) it is said to be inhabited if O T < T; and

(c) apoint z : X is an accumulation point of ¢ if gz = ¢ for all ¢ : ©X.

Therefore ) = dx makes any overt space X into an overt subspace of itself for which every
z : X is an accumulation point.

For subspaces, we may regard the accumulation points as providing the extent of . However,
we can only understand overtness if we regard them as secondary to the operator (or its equivalent
positivity). Sometimes there is an equivalent open or closed subspace, as explained in |[J], but in
general the extent need not be locally compact.

Beware that being inhabited does not mean a priori that the subspace has an accumulation
point: we have a Theorem to prove about this.

Example 12.4 For any sequence f : N — X, the operator U = dn. fn € U defines an overt
subspace. In this, the limit of any convergent subsequence is an accumulation point (hence the
name). Any recursively enumerable subset may be used here in place of N itself. O

Remark 12.5 Indeed we may replace N here with anything that we consider to be a “set” in
whichever logical foundations we are using. This means that any space that has enough points
(Warning [6.12)) is overt.

Indeed, for any ¢ operator in Point—Set Topology with Excluded Middle,

1% {z|W.xeUA-0U} = | J{U|-0U}
C = {z|VU.z2eU=QU}
are complementary open and closed subspaces such that QU <= U ( C. O
Leaving the uninteresting classical case behind, the preservation of joins invites characterisation

in terms of the basis:

Proposition 12.6 Overt subspaces correspond bijectively to positivities. These are subsets
r C A of the basis that are rounded and located, or equivalently upper and positive,

ro>b=—=da.r>a<b and ro>a<fl=—3db.robe/t
or ro>aCb=—=1r>5b and roa<u=3db.r3b € u,

where r={a|OU,} and QU <= Ja. (acr) N K, 2 U.

Then a formal point p C A is an accumulation point of ¢ iff p C r C A.

Proof Proposition and (the proof of) Lemma characterised the subset r. We recover
¢ from r by the basis expansion and r from ¢ by roundedness. The containment p C r is the
restriction of the definition of an accumulation point to the basis and this is recovered for the
same reason. O

Now we turn to the characterisation of overt spaces in terms of < and <.

Lemma 12.7 If a space has a positive basis (with no a < o) then it is overt.
Proof Let QU = 3Ja. K, > U, so by hypothesis

0L =0U, = 3a.K, 25U, = Ja. (a<0) < L.
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Then ¢ is dx by Lemma because, by the basis expansion,
r€elU <= da.x€elU, N Ko2U = Ja. K, 25U = OU.

So long as the given basis has single interpolation, the positivity is AT = {b | Ja. a < b}, cf. Lemma
O

However, we cannot obtain a positive basis for an overt space “negatively” by just omitting
the a with a < o.

Notation 12.8 For any overt space X with concrete basis (U,, K,) indexed by (A4, C, <), let
At = {a|Jz.2€U,} C A.

This is the positivity that corresponds to ¢ = 3x by Proposition [I2.6] Since it is located, we
never have AT > a < o.

The key result is (our version of) a lemma that Peter Johnstone discovered [Joh84, Lemma 2.5]
on a ferry journey while he was investigating locale theory without excluded middle. He stated it
asa < (b+c) = (a < b)V (c € AT), which in our notation is a < fU{c} = (a < )V (c € AT).

Whilst it may appear that we are simply cutting ¢ down to its intersection with A™, doing that
need not yield a constructively finite subset [Kur20]. However, Scott openness of IC, does provide
some suitable finite k C £ N AT,

Lemma 12.9 a</¢ < Jk.a<kCl A kC AT,
Proof K,5U; <= K,o2U{Uy|belnNAT} — Fk.Ko2Up AN kClNAT. O
In particular, @ < ¢ = (a < o) V (c € AT). We use the form above to eliminate empty basic

subspaces from the interpolants that are provided by the Wilker and intersection rules for the
given basis:

Theorem 12.10 A space is overt iff it has a positive abstract basis.

Proof We may restrict the basis expansion to A™ because
€U <= Ja.xzeU, NKydU < Ja.zcU, ANac AT AN K, > U.
It still obeys the filter property because in the statement
x€eU, Nz €Uy, = JexzelU. AN (adcCD),

we have a,b,c € AT. Hence the concrete basis (U, K,) may be cut down to A*.

Now we prove the Wilker and weak intersection rules that make (A", C, <) an abstract basis.
First we apply them for the given basis A and then we use Johnstone’s lemma to reduce the
interpolant:

Fk.a <k <t

Jkh.a < hCk=<'4 A (hC AT)
Jhc At a<h=<'y?

3. a =<0V Tl Ml

Ih.a<hCTl TNl A(hCAT)
JhC AT.a < h T4 ML

a =</

a<k=<tl Nk=<{l

R
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Finally, since A" is located, AT > a < /= 3b.bc N AT, so AT is a positive basis. O

In Formal Topology, the usual definition of overtness is this:

Theorem 12.11 A space is overt iff there is a positivity » C A such that b< bt = {b} Nr.

Proof Suppose that there is such a positivity and let { be the corresponding operator by
Proposition [I2:6] so 0 U = 3Ja € r. K, 2 U. Then

OL = dacer.KyoUs, = da€r.a<o < 1.
If x € U, then a € r since a < {a} Nr, so

relU & dazxzeU, N K,>U
= da.a€er N K,2U = QU.

Hence ¢ is dx as in Lemma
Conversely, if X is overt then A* (Notation [12.8) is a positivity. Also, from Section

babt = (Va.a<b=3.a=<(Cb")
& (Va.a<b=(a=o) V (beAh))

since finite £ C b* must be o or {b}. This property is true by Johnstone’s Lemma m O
Finally we characterise overt subspaces.

Definition 12.12 A space X or its basis (A4, C, <) is called recursively enumerable if there is
some bijection A = R C N where R and (the image of) < are recursively enumerable.

Every object that is definable in Abstract Stone Duality is recursively enumerable, as are the
naturally occurring examples in Section [13] even if we choose to think of them classically.

We also call an overt subspace ¢ recursively enumerable if the corresponding positivity r =
{a|OU,} C A= R C N is recursively enumerable. Again this happens if ¢ is definable in ASD
or, we claim, naturally occurring. However, there is potentially some ambiguity in this usage, but
it will be resolved by the Theorem that we aim to prove.

Lemma 12.13 An abstract basis is recursively enumerable iff there is an enumeration k_) : N —
Fin (A) and a decidable predicate WB(j, a, k) such that, for all ¢ € N, a € A and k € Fin (A),

a<k < 3j.i<j AN k=kj N WB(j,a,k).
Proof Stephen Kleene’s Theorem [Kle43|, Section 4]. O

Remark 12.14 Is there a similar result in Martin-Lof Type Theory, maybe where WB(j4, a, k) says
that j encodes a proof that a < k;?
What is the result in locale theory?

Lemma 12.15 Let ¢ be a recursively enumerable overt subspace of a (not necessarily overt but)
recursively enumerable space and suppose that ( U holds. Then ¢ has an accumulation point that
also lies in U.

Proof It suffices to consider U = U,, so a € r. The result is essentially Lemma [5.7} we must
find a formal point p with @ € p C r, where r is rounded and located by Proposition We use
Kleene’s Theorem to modify the enumeration assumption at the beginning of the proof and then
the construction proceeds in the same way from ag = a. That is, except that:
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At the ith stage, if WB(%, a;, k;) is false (even though some later WB(j, a;, k;) and hence a; < k;
may be true) then we just let a,11 = o’ for any r 3 @’ < a; by roundedness of .

If WB(i, a;, k;) is true then @’ < a; < k; and as before ' < k’ <! a;,k; and there is some
ai+1 € r Nk by locatedness of 7.

Such choices can be made because the sets are recursively enumerable, as is the resulting
p = {b| 3i.a; < b}. This is also a <-filter as before.

For locatedness, if a; < o’ < k then, by assumption on the enumeration of Fin (A4), we have
k = kj and WB(j,a, k) for some j with ¢ < j. This means that a; < a; < o’ < k = k; and then
aj+1 «bEk]‘,SObEkﬂp.

Hence we have a = ag € p C r as required. O

We regard this proof as defining a function that takes the starting point a and (deterministi-
cally) yields a formal point p,. This is justified in the same way as in Remark [11.12

Theorem 12.16 Every recursively enumerable overt subspace is the image of some (non-unique)
sequence f :r — X, where r is the corresponding positivity, as in Example [12.4]

Proof Foreach a € r, let p, be the formal point that is constructed in the Lemma starting from
a € r. Then

<a|f}b> = (bep,)

defines a matrix for a € r C A and b € A because

(a) it is trivially contravariant, rounded and saturated in a because we regard r C A as a space
whose basis has trivial C, < and <;

b) it has the partition property because p, is located with respect to <;

d) a€r:><a|f|a>becausea6pa; and
e) a€ r/\<a|f|b> = b € r because p, C r by construction.

Then Theorem [£:22] defines a continuous function f : r — X and Example gives an overt
subspace ¢ where

(b)

(c) it is rounded, bounded and strongly filtered in b because p, is a <-filter;
(

(

U, = dacr. facU, = 3a€r.<a|f‘b> <~ ber,
so ¢ agrees with the given operator { by Proposition [12.6) O

Remark 12.17 We claim that this result makes overtness the gateway between topology and
computability. Any program that takes (necessarily discrete) input data and yields (approxima-
tions to) a point of a space X is of the form in Example Conversely, by Lemma every
definable inhabited overt subspace has a computable point. Whilst the former may be trite and
the latter spectacularly infeasible as they stand, they do at least establish a purely topological
characterisation of what can be done computationally.

This becomes a little less far-fetched when we restrict attention to R" and its usual basis
with Uiy = B(x,7) = {y | [z —y| <r}. It turns out that d(z) < r is a reasonable notation
for ¢ B(x,r) because it says how far z is from the nearest accumulation point. This relates
overtness to locatedness in Constructive Analysis [Spil0], but familiar numeral algorithms such
as Newton—Raphson iteration are also very similar to this [work in progress].

Therefore we may think about problems such as solving equations mathematically by adding
this concept to our usual topological repertoire. Then we may hand over the resulting A-term to
a computational proof-theorist, who may be able to discover the accumulation points in a more
efficient way.
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13 Examples

I need more examples. What are the applications of local compactness in other mathematical
disciplines, besides real manifolds? I intend to re-write these in traditional notation instead of
that of ASD.

Example 13.1 The integers provide a basis for themselves in which n & m iff n = m, whilst
n < {iff n € ¢ and n <u iff n € u. Then any £ is trivially covariant, rounded and located. It is
bounded and filtered iff

dn. én and EnNém = (n=m)

respectively, so it is a formal point iff it is a description [Pead7] [A]. O

There are similar representations for numerals (finite sets) 0, 1, 2, ..., and indeed any set
with decidable equality or any overt discrete Hausdorff space.

The previous incarnation of this work included two sections on prime bases and the generalised
interval domain. I don’t intend to include the whole of these, but some précis would be appropriate.

Example 13.2 A topological space is a continuous dcpo iff it has a prime basis, which is one
that satisfies the strong intersection rule and

a<{ — db.a<bel.

Example 13.3 Given any abstract basis (A,C, <) that satisfies the strong intersection rule,
(A,C, <) is a prime basis. We call this the (generalised) interval domain of the space X
whose basis was given.

The ASD nucleus corresponding to <! is

E'®¢ = Jab.ta A (a=<Db) A (A b c).

We saw this in Lemma and |[I].

Beware that this definition depends on the basis: isomorphic spaces with different bases may
have non-isomorphic interval domains.

This is because a continuous function f : X — Y need not lift to their interval domains. In
particular, the matrix <a ’ f | b> is bounded and filtered, but not necessarily uniformly, whilst any
matrix for a function between continuous dcpos is uniformly bounded and filtered. O

Example 13.4 If however the given basis is directed then its interval domain is the Smyth

powerdomain and its points correspond to the saturated compact subspaces of the given space.
O

By way of a more powerful worked example, here is

Proposition 13.5 The exponential 2 (Cantor space) exists as an ASD object and as a locally
compact space.

Proof The basis A consists of finite strings of 0s and 1s, with a C b if b is an initial segment
of a. Some examples of the way below relation are

a~a, a < {a0,al}, a < {a00,a010,a011,a10,all},
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so interpolation, Wilker and roundedness are trivial, but, as in Example we leave the interested

reader to formulate a < ¢ explicitly. Also, (a J¢C b) = (a=c¢) V (c =10), so if £ is a filter with

Ea A &b then (a C b) V (b C a). This makes £ essentially a finite or infinite sequence of 0s and 1s.
It is located iff it is an infinite such sequence, because

I' Féa N a=<{a0,al} = &(a0) V £(al).

The T' emphasises that parameters are allowed, so the disjunction says that T' = I'g + I'; (as a
disjoint union of spaces) where I'y - £(a0) and T'y F £(al).

We have therefore described morphisms & : I' — X, where X is the space defined by the basis,
and shown that these are bijective with f : I' x N — 2, as required for the universal property of
X =~ 2N,

For the interval domain, the relations <' and C are the same, so roundedness is trivial. Hence
a generalised interval is encoded by a sequence that may be finite or infinite, but it must be defined
on an nitial segment of N. These intervals are some of the compact subspaces. O

Now we turn to (Dedekind) real intervals and numbers:

Proposition 13.6 A term & : ¥4 is rounded, bounded and filtered with respect to the basis for R
defined by intervals (d,u) C [d, u] iff there are disjoint lower and upper reals (J,v) with

&(dyu) <= dd A vu.

Therefore X is the (usual) interval domain [Sco72) [ES98], as presented in [Section I 7.

Proof Let A be the set of pairs with d < u rational. Without imposing any conditions on ¢ : ¥4
and 6, v : ©Q, they satisfy the adjunction

&(dyu) = dd N vu
' E(du') = o0d A Fd'.E(d u) = vu.

One of these transformations takes rounded & as above to rounded (6, v) in the sense of |Section I 6,
and the other does the converse. Likewise for boundedness. If £ is filtered then

ddAvu = Fet.&(d,t) N &le,u)
= defst.&(f,s) Nd< f<s<u = d<u,

so 0 and v are disjoint. Conversely,
E(d,t) Né(e,u) = ddAvtAde ANvu = dcA(c<v)ANvv = £(c,v),

where ¢ = max(d, e), v = min(¢t,u) and so (¢,v) = (d,t) N (e, u).

When £ is filtered we recover € — (0, v) — &, whilst if § and v are bounded then (§,v) — &
(6,v). Hence when all of these conditions hold on either side we have a bijection and (d,v) is an
interval or Dedekind pseudo-cut. O

Proposition 13.7 An interval given in this way by & is located in the sense of this paper iff the
corresponding (0, v) is located in the sense of [I]. In this case they define a real number in the form
of a Dedekind cut.

Proof Given e < t, there are ¢ < d < e < t < u < v with £(d,u) and [d,u] C (e,v) U (¢, 1), so
by locatedness £(e,v) V £(c,t), whence de V vt. The converse is more complicated, involving
the reorganisation of a conjunction (over the list ¢) of binary disjunctions, but is essentially
Lemma I 6.16. O
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14 Conclusion

We have proved several weak equivalences of categories.

Definition 14.1 In the category of weak abstract bases and matrices,

(a) an object is an abstract basis (A4, C, <) that satisfies the principal axioms of Definition
(co- and contravariance, Wilker and weak intersection) and the roundedness properties of
Definition m (single interpolation, rounded union and boundedness above and below);

(b) a morphism (| f|) : (A,C, <) — (B,C, =) is a matrix that satisfies Definition (co-
and contravariance, roundedness on both sides, partition, boundedness, weak filteredness and
saturation);

(c) the identity map on (A,C, <) is the way-below relation, (a |idx |b) = (a <x b); and
(d) morphisms are composed using the saturated composition operation in Notation

<a|f;g|c> = Jk. (a < k) /\Va'Ek.Elb.<a’|f|b> A <b|g’c>.

Definition 14.2 The category of strong abstract bases and matrices is the full subcategory
of the previous one consisting of bases that also obey the strong or rounded intersection rule. By
Lemma [3.3] or the matrices are strongly filtered.

The concrete category of “locally compact spaces and continuous maps” is weakly equivalent
to one or both of these abstract categories. This is the case for each of the four formulations of
topology that we have considered, in the mathematical foundations that are appropriate to that
subject. We begin with Formal Topology because it is the most similar to our abstract bases.

Theorem 14.3 The category of locally compact formal topologies and continuous functions is
weakly equivalent to the strong abstract category, in Martin-Lof type theory.

Proof Definition[6.4] Lemmal[6.17 and Remark [7.14]discussed how locally compact formal covers
are defined. Proposition and its preceding two lemmas derived an abstract basis < from a
locally compact cover < and Lemmas to [7.7] did the converse.

Proposition translated between matrices for < and <, the latter being the definition of
continuous functions between covers that the Formal Topologists use.

The results of Sections [3]and regarded solely as operations on abstract bases, show how to
add the extra properties to them; we may assume Dependent Choice in doing this because it is a
feature of Martin-Lof Type Theory. O

Theorem 14.4 The category of locally compact locales and continuous functions is weakly equiv-
alent to the category of weak abstract bases and matrices, in the logic of an elementary topos.
If the topos satisfies the axiom of Dependent Choice then the category is also equivalent to the
strong one.

Proof Definitions and Lemma and Corollary explained what locally compact
locales and continuous lattices are and Proposition [6.16] obtained an abstract basis from them.

The converse construction turns the formal cover in the previous result into a frame or locale
using Lemma [6.6] and Theorem Proposition [7.§] characterised this using <. Then Lemma
provides the Scott-open family (K,) such that K, 3 U, <= a < /.

Continuous functions, which are defined as reverse frame homomorphisms, correspond to ma-
trices by the arguments in Section 4] with |J, N and K,C replaced by \/, A and K,>. Bases may
be improved to obey the single interpolation and rounded union rules by a similar translation of
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Lemma If Dependent Choice is available, Section [L1] showed how use it to impose the strong
intersection rule. (]

Theorem 14.5 The category of locally compact sober topological spaces and continuous functions
is weakly equivalent to the strong category of abstract bases and matrices, in a set theory with
excluded middle and the Axiom of Choice.

Proof Sections [T} 2} B] and [[I] showed how concrete bases using compact subspaces or Scott-
open families yield abstract bases and can be improved to have all of the additional properties.
Conversely, Section [p| defined a locally compact sober space from any countable abstract basis.

For the general case, we turn the locale in the previous result into a sober topological space.
Lemma showed that formal points for the abstract basis (Definition agree with those for
the locale and formal cover (Proposition[6.10]). By Theorem[7.12there are enough of them to make
the extent (Proposition an isomorphism between the abstract frame and the lattice of open
sets of formal points (Definition . Then the Scott-open families in Lemmas and agree
and satisfy the basis expansion. We also obtain K, C Uy <= a < ¢ from Lemma instead of
Lemma [5.8| and its preceding results. The space is sober by Lemma without the countability
restriction and in the strong case Theorem describes the basic compact subspaces.

Section [4] showed how matrices correspond bijectively to continuous functions between sober
spaces and deduced the saturated composition operation. O

Remark 14.6 Our development in Point—Set Topology in Section [5f was interrupted by the need
to find enough formal points to characterise the way-below relation. We eventually proved this in
Theorem [7.13] once we had the benefit of the concept, structure and properties of the < relation.
In particular, we now see that we needed to apply Lemma [3.12] about maximal filters, not in the
concrete frame of open sets of points (¢f. Lemma , but in the abstract one that is defined
directly from the abstract basis (Theorem . Only after doing so can we deduce that these
two frame are isomorphic and hence prove the Theorem.

Remark 14.7 In Abstract Stone Duality, Proposition showed that every concrete basis using
A-terms defines an abstract one. Conversely, the results of Section [L0|constructed a nucleus £ from
any abstract basis.

Our introduction to ASD relied on the equivalence with the other formulations of topology,
whereas the appropriate notion of “set” for ASD is either an object of an arithmetic universe or
an overt discrete space in ASD. The construction of the strong abstract category really belongs in
this much weaker logic. However, the axioms of both the topology and the foundations are then
so weak that we have a whole paper’s [work in progress] worth of work to do to construct the
category, its products and its exponentials, but the outcome of this is that it is a model of ASD.

Remark 14.8 The main outcome of this lengthy investigation is that the same structure, at least
as far as its topological description is concerned, is equivalent to the category of locally compact
spaces in all four formulations, whereas each of those accounts has its own ad hoc features.

This is possible because, in the four kinds of abstract basis, the words “set” and “relation” are
understood in different ways, since we are working in different logical foundations.

Consequently, the meaning of the notion of “continuous function” varies with logical strength.
Indeed, we have a precise way of saying this: a continuous function in Point—Set Topology is a
matrix (a certain kind of logical predicate on sets) that is definable in set theory with Excluded
Middle and Choice, whereas a continuous function in Formal Topology is a matrix that is definable
in Martin—Lof Type Theory, etc.
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This is an observation that is already logically relevant for familiar spaces such as N and R
that have homes in all four worlds. There are, for example, faster growing continuous real-valued
functions in traditional topology than in the other subjects.

Remark 14.9 Cutting the full power of Section [d] down to just Proposition [£.13] we have a weak
equivalence between the categories of
(a) locally compact spaces and operators that preserve all joins (but not necessarily meets) and

(b) bases and matrices that are co- and contravariant, rounded, saturated and have the partition
property (but need not be bounded or filtered).

Again, there are results for each of the four kinds of topology. There are also further generalisations
to (not necessarily distributive) continuous lattices and to bases and covers without the intersection
rules.

Remark 14.10 In particular, by Proposition[I2.6]overt subspace operators ¢) are in bijection with
positivities (certain subset of the basis) in each of the four forms of topology. It is in this application
that we see the most dramatic differences amongst the four logical settings, ranging from the
classical one, where overtness is useless, to ASD, where in principle it provides an algorithm for
solving a problem.

Remark 14.11 This range of different logics has a bearing on what constitutes “constructive”
mathematics. Unfortunately, there is a tendency of mathematicians working on one camp to
claim a monopoly on this word to the exclusion of the others. In this paper we have seen three
approaches to topology that live in “constructive” worlds, by which we mean not the classical one.

If we are going to forbid excluded middle and the Axiom of Choice, why allow impredicativity?

But if you are going to adopt that position, how do you justify the infinite subsets that are
needed in Formal Topology?

Our < has the advantage that its theory only uses finite subsets and coherent logic: entail-
ments between existentially quantified formulae. Further work will show that matrices or ASD
terms that are definable in our weakest logic are computable. According to the Church—Turing the-
sis, there is only one notion of computability, whereas the question of which axioms and arguments
count as “constructive” is open to debate.

After that, we can try to do computation with matrices for continuous functions between locally
compact spaces.

Remark 14.12 In a different direction, we may see the axiomatisation of abstract bases as the
notion of local compactness stripped of the cultural baggage of the different approaches to topology.
We simply have relations between sets.

They’re not just sets. We have used lists or finite sets, whilst Fin (A) is the free algebra
(semilattice) for a functor on sets. The categorical mind will be able to ring many changes on this
idea. In fact, this is the reason for keeping the preorder C even though Lemma [3.6] showed that
it is redundant: it is a clue to possibly more general structure, such as a category.

Maybe the notion of locally compact space will be even more of a discovery than our already
diverse opening diagram suggests.
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